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Abstract

It is well known that in a finite ring with identity, every element is either a zero
divisor or a unit. The classification of finite rings is not fully settled. Different
studies have generated interesting results on certain classes of finite rings. It is
worthwhile to note that completely primary finite rings have proved to be useful
towards the classification of finite rings. This is due to the fact that a finite ring
has a unique maximal ideal if and only if it is a full matrix ring over a completely
primary finite ring. Moreover, any commutative ring is a direct sum of completely
primary finite rings. A deeper understanding of the elements in a finite ring enables
us to fully understand the ring. In this study, we investigate and characterize the
zero divisor graphs of classes of commutative completely primary finite rings of
maximal prime power characteristic. For each class of rings, zero divisor graphs are
drawn and trends in their geometric properties established through graph theoretic
approach. In higher order cases, properties of zero divisors of commutative rings
are employed in interpreting and determining the invariant geometrical structures of
the graphs. This study has established that the diameter of the zero divisor graphs
of the rings studied lie between 0 and 2 while their girth is either 3 or oo. None
of the rings has a zero divisor graph that is n-gon, where n is an integer greater
than 3. Fundamentally, this study has revealed that rings whose zero divisor graphs
are isomorphic are not necessarily isomorphic. The findings of this study extend
further the knowledge about the structure theory of finite rings and in particular,

the classification of the zero divisors of commutative completely primary finite rings.



Table of Contents

Declaration

Acknowledgement

Dedication

Abstract

Table of Contents

List of figures

Notations

Chapter 1: Introduction

1.1

1.2

1.3

1.4

1.5

1.6

1.7

Background of the study . . . . . . . ... ... ... ...
Statement of the problem and Justification . . . . . . ... .. .. ..
Objectives of the study . . . . . . . .. ... ... ... ... .....
1.3.1 General objective . . . . . .. ... oo
1.3.2 Specific objectives . . . . . . . ... ...
Basic Concepts On Ring Theory . . . . . . ... ... ... ... ...
Units and zero divisors . . . . . . . . .. ...
Local Rings . . . . . . . . . . . .
1.6.1 Characterization of Local Rings . . . . . .. ... .. ... ..

Galois Rings . . . . . . . . .

vi

ii

iii

iv

vi

viii

ix



1.8 Some results on Completely Primary Finite Rings . . . . . . . . . ..
1.9 Basic Concepts On Zero Divisor Graphs Of Finite Rings . . . . . . .
1.10 Structure of the thesis . . . . . . . . . ... ... ... ... . ....
Chapter 2: Literature Review
Chapter 3: Zero divisor graphs of Galois Rings
3.1 Trivial Case . . . . . . . . .
3.2 General Case . . . . . . . . . ...
Chapter 4: A class of finite rings I
4.1 Construction I . . . . . . .. .0 oo
4.2 Rings of characteristicp . . . . . . . ... ... L
4.3 Rings of characteristic p* . . . . . . . .. ... ... ... .. ... ..
4.4 Rings of characteristic p*, k>3 . . . . . . ... ... ... ... ...
Chapter 5: A class of finite rings II
5.1 Construction IT . . . . . .. .. ...
Chapter 6: Conclusion and Recommendation

References

vil

28

36

37

45

54

54

57

99

61

74

74

87

90



1.1

1.2

1.3

1.4

3.1

3.2

3.3

3.4

4.1

4.2

5.1

5.2

List of Figures

[lustration of degree of a vertex of a graph . . . . . . .. ... .. .. 23
[lustration of a path inagraph . . . . . .. ... ... ... ..... 23
Mustration of complete graphs . . . . . . .. ... .. ... ... ... 24
[ustration of complete bipartite graphs . . . . . . . . . . ... ... 25
The zero divisor graph of GR(3%, 3%) . . .. ... ... ... .. ... 41
The zero divisor graph of GR(23, 2%) . . . . ... ... ... .. ... 42
The zero divisor graph of GR(2%, 23) . . . . . ... .. ... ... .. 46
The graph ['g of zero divisors of GR(2°, 2%) . . . .. ... ... ... 46
The zero divisor graph of Zis © Z16/2Z16 - - -+« « « v o0 66
The zero divisor graph of Zg & Zg/27Zs . . . . . . . . . . ... .. 67
The zero divisor graph of Zy ® Z4/274 . . . . . . . . . . ... 79
The zero divisor graph of R = Ry ® Ry/pRy where Ry = GR(16, 4) 81

viil



Notations

R a finite ring

GR(p,p%) oo the Galois ring of order p*” and characteristic p*
Ry oo, the Galois ring of the form GR(p*", p*)

J o the Jacobson radical of the ring R

R the group of units of the ring R

Loooovviviiiiiiiin the ring of integers

/AR the set of positive integers

Y/ the ring of integers modulo n

Do, a prime integer p

[A] o the order of (the cardinal number of elements in) a set A
Frooere a field of order r

GF(P") oo Galois field of order p”

<UD i the cyclic group generated by a

0(@) ioviiiiii the order of the elementa in the ring R

charR ......................... the characteristic of the ring R

Z(R) oo, the set of zero-divisors of the ring R

Z(R)* o, the set of non-zero zero divisors of the ring R
Z(Ro)*) ~ e the set of equivalence classes of elements of Z(Ry)*
R/Z(R) oo the quotient ring R modulo Z(R)

d(pM) wccveee. length of M as an R — module

(P) o, an ideal generated by p

L(R) oo the zero- divisor graph of the ring R

X



Pe(R) i the zero-divisor graph of equivalence classes of the ring R

Ky a complete graph with n vertices

Ky oo a complete bipartite graph with m and n vertices
diam(T") oo the diameter of the graph I'

gr(T) v, the girth of a graph T'

W) v the clique number of the graph I’

X(I) the chromatic number of the graph I’

b(LT(R)) wooveeeiien. the binding number of the zero divisor graph of R
Sk e, the Symmetric group of order (p*)!



Chapter 1

Introduction

1.1 Background of the study

Rings considered in this thesis are finite, associative and commutative with 1 as
the identity. Although finite rings have been studied extensively in recent years
by Raghavendran [25] and Wilson [29] and tools necessary for describing completely
primary finite rings have been available for some time (See [12, 13, 14, 15, 16] and [25]
), their classification into well known structures is not complete. For any given ring
R, the elements of R are either units or zero divisors. Classification of finite rings
would be complete and better understood if the structures of both sets of elements
in a ring are known. However, most research on rings has been on classification of
their units. This perhaps is because a set of zero divisors, Z(R) of any general ring
R lacks algebraic structure. The set Z(R) is not necessarily closed under addition.
For instance in the ring Zg, 2 and 3 are zero divisors while 2 + 3 is not. Thus Z(R)

is typically not a subring of R and hence is not an ideal. In 1988, Istvan Beck [11]



introduced an alternative approach to the study of sets of zero divisors of rings using
graph theory. His original definition of the graph of a commutative ring consist of
the vertex set of all the elements of a ring such that distinct vertices x and y are
adjacent if and only if xy = 0. Anderson and Livingston [7], later modified this
definition. Their graph called the zero divisor graph of the ring R, denoted by I'(R),
is a graph whose vertices are nonzero zero divisors of R such that two vertices v and
vin Z(R)\{0} = Z(R)* are connected by an edge u — v, if and only if uv = 0. This
definition, now considered standard, is the one adopted in our study. Properties of
such a graph reveals important properties about the ring R. Classification of units
of completely primary finite rings of prime power characteristic has been addressed
by Chikunji and Oduor (See [12, 24]) among others. However, no evidence exists
that similar studies have been conducted on the zero divisors of these rings. To
bridge this gap, our study has addressed the structures of zero divisor graphs of
three particular classes of completely primary finite rings of maximal prime power

characteristic.

1.2 Statement of the problem and Justification

The structure of a finite ring with identity 1 is well understood if the characterization
of its units and zero divisors is complete. Every finite ring with 1 is a direct sum of
matrix rings over completely primary finite rings. A comprehensive understanding of
completely primary finite rings would therefore make the classification of finite rings
achievable. The units of the classes of completely primary finite rings considered in

this thesis are well known (see [24]). However, the structures of the zero divisors



of these rings have not been established. In this thesis, we study the geometric
properties of graphs of the zero-divisors of completely primary finite rings of maximal
prime power characteristic. Our study involves establishing the diameter, girth, the
binding number, the clique number besides determining the partiteness of these

graphs.

1.3 Objectives of the study

1.3.1 General objective

The structures of the zero divisors of certain classes of completely primary finite rings
whose units have been established, [24] are not known. The objective of this study
is to investigate and characterize the zero divisor graphs of commutative completely
primary finite rings of maximal prime power characteristic using the graph theoretic

properties.

1.3.2 Specific objectives

Specific objectives are to;
(i) identify and investigate the zero divisor graphs of the Galois rings.

(ii) characterize the zero divisor graphs of finite rings in which the product of a

finite number of zero divisors is zero.

(iii) characterize the zero divisor graphs of finite rings in which the product of any

two zero divisors lies in the Galois subring.



1.4 Basic Concepts On Ring Theory

Unless otherwise stated, the concepts and definitions in the sequel can also be found

in [2, 20] and [21].

Definition 1.4.1 A ring is a non empty set R together with two binary operations
+ and x called addition and multiplication such that (R,+) is an abelian group,
R s associative under multiplication and the left and right distributive laws of
multiplication over addition hold. R is a commutative ring if ab = ba for all a, b € R.
It is called a ring with identity or with 1 if R contains the element 1 # 0 such that

a.l=1.a=a forall a € R.

Definition 1.4.2 A non empty subset H of a ring R is called a subring of R if H
18 itself a ring under the same operations of R. A subring I of a ring R is a left
ideal if re € I for allr € R and for all x € I and is called a right ideal if xr € I
for allr € R and for all x € I. If I is both a left and right ideal, then I is simply

called an ideal of R.

Definition 1.4.3 Let S be a subset of a ring R and let {A; :i € I} be the family
of all ideals in R which contain S. Then (\,c; A; is called the ideal generated by
S and denoted by (S). The elements of S are called generators of the ideal (S). If
S = {s1,892,...,8,}, then the ideal (S) is denoted by (s1,S2,...,S,) and said to be
finitely generated. An ideal (s) generated by a single element is called a principal

ideal.

Definition 1.4.4 An ideal M in a ring R is said to be maximal if M # R and for
every ideal N such that M C N C R, either N =M or N = R.

4



Definition 1.4.5 For any ring R, an R — Module is a set M together with two
operations of addition in M and multiplication with elements of R such that for all

m, n € M and a, b € R the following hold;

(a) (M,+) is an Abelian group,

(b) (a+b).m=am+bm and a.(m+n)=am+an,

(c) (a.b).m = a.(b.m),

(d) 1.m =m.

Definition 1.4.6 Let R be a commutative ring with 1 and U be an R - module.
The idealization of U over R is a ring R ® U satisfying the following:
(r1,ur) + (ro, ug) = (r1 + ro,up + ug) and (r1,uy) (re, uz) = (r1re, rius + rouy) where

ri,re € R and uy,uy € U.

1.5 Units and zero divisors

A ring R is said to be finite if it contains a finite number of elements. Let R be
a finite commutative ring with identity 1 # 0. An element u € R is a unit if there
exists an element v € R such that uv = vu =1 # 0. An element x € R is a zero
divisor if there exists a nonzero element y € R such that zy = yz = 0. A ring R is
called a division ring or skew field if every nonzero element in R has a multiplicative
inverse so that the nonzero elements form a group in R under multiplication. A
field is a commutative ring with the identity element 1 # 0 in which every nonzero

element has a multiplicative inverse. A commutative ring with identity 1 # 0 is



called an integral domain if it has no zero divisors.

A completely primary finite ring is a ring R with identity 1 # 0 whose subset of
all its zero divisors forms the unique maximal ideal. A Galois ring is a finite ring
with identity 1 ## 0 such that the set of all its zero divisors with 0 included forms a

principal ideal. For instance, Z,x, for some positive integer k, is a Galois ring with

pk
(p) as its unique maximal ideal. When k = 1, Z,» = F,,. The leading role in the
classification of all the finite rings with identity certainly makes completely primary
finite rings attractive to most researchers. Similar to completely primary finite rings
so far studied, our attention has been restricted to the finite commutative rings in
which the set of all the zero divisors forms an additive group.

Let R be an arbitrary ring ( not necessarily rings considered in this thesis ), then
the set of all the zero divisors of R is not necessarily an ideal of the ring. For
instance, the element (2,3) and (1,4) of the ring Z, & Zg endowed with component-

wise addition and multiplication are zero divisors, but if the set of the zero divisors

were to be an ideal, then (3,1) would be a zero divisor, an obvious contradiction.

Theorem 1.5.1 (See [15],Section 1 ) If a ring R is finite, then every left unit is
a right unit and every left zero divisor is a right zero divisor. Furthermore, every

element of R is either a unit or a zero divisor.

Theorem 1.5.2 [16] If a ring R has n > 2 left zero divisors (including zero ), then

R is a finite ring, and |R| < n?.

PROOF.
Suppose a # 0 is a left zero divisor in R and consider the right ideal Ra of R. Since

a is a left zero divisor in R, there exists x # 0 € R such that ax = 0, so that



for all r € R, r(ax) = (ra)r = 0. So Ra consists entirely of left zero divisors.
Thus |Ra] < n. Now, since Ra is finite, consider the surjective additive group
homomorphism ¢ : R — Ra defined by r — ra with ker¢p = {y € R : ya = 0}.
We have R/ker¢ = Ra, and every element of the kernel is a left zero divisor of R
( since a # 0), so that |ker¢| < n. Thus ker¢ and Ra are finite, so that R is finite
and therefore, |R| = |ker¢||Ra| < n?. O

An ideal J of a ring R is said to be nil if all its elements are nilpotent. The ideal
J is said to be nilpotent if J* = (0) for some n € Z*. The ring of polynomials over

a commutative ring R has been denoted by R[z]| while

Jz] = {ap + a1z + -+ + aa®,a; € J} C Rla].

A polynomial f(z) € R[z] is called monic if the coefficient of the term with the
highest power of x in f(x) is equal to 1, which is the identity element of R. The
group of automorphisms of R has been denoted by AutR while Autr R denotes the
subgroup of AutR which fixes R elementwise. A ring R is called a left (or right)
Artinian if any descending chain of left (or right) ideals of R has a minimal element
and is an Artinian ring if it is both left and right Artinian. R is called left (or
right) Noetherian if any ascending chain of left (or right) ideals of R has a maximal
element and is said to be a Noetherian ring if R is both left and right Noetherian.
The Jacobson radical J(R) of a ring R is the intersection of all the maximal left (or
right) ideals of R. It contains all the left and right nil ideals of R and if u € J(R),
then 1+ u is a unit in R. By notation, (J(R))° = R and R = R/J(R) so that for
any r € R, 7 =r + J(R). The characteristic of R is denoted by charR and for any
ring R, if R = R/J(R) is a division ring, then char R = ¢ where q is identically zero
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or ¢ = p" for some prime integer p and positive integer n. Thus R has a copy of Z
or Zy» where Z is the ring of integers while Z, is the ring of integers modulo p"
respectively. An R-module M shall be both left and right such that (as)b = a(sb)
for each a,b € R and s € M. For any ring R, all R-modules are unitary such that
if M is an R-module, then 1m = m for each m € M. A chain of submodules of an
R-module M given by M = My D My D --- D M, = (0) is a composition series
of R-submodules of M if the factor M;/M; 1 has no proper submodules. A similar

definition exists for the composition series of ideals.

Definition 1.5.3 Let R be a ring. A positive integer n > 1 is called the index of

nilpotency of J(R) if (J(R))" = (0) and (J(R))"™ # (0).

Theorem 1.5.4 Let R be an Artinian ring. Then J(R) is nilpotent.

Proposition 1.5.5 Let R be a ring and J be the Jacobson radical of R. Then a € R

is a unit if and only if a + J is a unit in R/.J.

PRrROOF.
Clearly, if @ is a unit in R, then a + J is a unit in R/J. Conversely, let a + J be a
unit in R/.J. Then there exists an element b+ J € R/J such that (a + J)(b+ J) =
(b+ J)(a+ J) =1+ J Thus ab = ba = 1 which implies that b = a~!. Hence a is a

unit. 0

Lemma 1.5.6 (Nakayama’s Lemma) Let [ be an ideal of a ring R. The following

conditions are equivalent

(i) I C J(R).



(i1) 141 is a unit for each i € I.
(113) If M is finitely generated R — module such that IM = M, then M = (0).

() If N is a submodule of a finitely generated R — module M such that

M =1IM + N, then M = N.

Definition 1.5.7 Let R be a ring and M an R — module which has a composition
series of R — submodules M = My D My D -+ D M, = (0). Then n is called the

length of M as an R — module and is denoted by d(rM).

Theorem 1.5.8 ( See [2]) Let R be a ring and M an R-module. If
M = My®M,&---®M;, where M; # (0) forall 0<i<h, M =M®SM{®---O&M!
where MJ’#(O) forall 0<j<swith h<s andMigM]’», forall 0<i<h

and for all 0 <j<s, then M; = M and h=s.

Remark 1.5.9 Let R be a ring, M an R — module and I an ideal of R such that
IM = (0). Then M is an R/I — module such that for each a + 1 € R/I and

m e M, (a+ I)m = am.

Lemma 1.5.10 Let R be a ring with a finite length of composition series d(rR)

and Ry a subring of R such that R = Ry + J(R). Then d(g,R) = d(rR).

Definition 1.5.11 Let R be a commutative ring, o an automorphism of R and P
the set of all left polynomials ¥i_ya;x" over R. Then P can be made into a ring by
usual addition and the multiplication defined by the rule za = o(a)zx for all a € R.
This ring is called the skew polynomial ring over R given by o and is denoted by

Rlx,o]. If o is of finite order t, then R[z,o] is denoted by R[z,0,1t].



Proposition 1.5.12 Let R[z,0]| be a skew polynomial ring over R and g(x) €
R[x,0] a monic polynomial. Then, for any f(x) € Rlx,o|, there exists unique
q(z), r(z) € R[x,0| such that f(x) = q(z)g(x) + r(z) with deg r(z) < deg g(x) or

r(z) = 0.

Remark 1.5.13 Let F[z,0] be a skew polynomial ring over a field F. Then Flz, o]

18 a principal ideal domain.

Proposition 1.5.14 Let R[z,0| be a skew polynomial ring over R and f(x) €

R[x, 0] a monic polynomial of degreer. Then Rlx,0] / < f(xr) >= R®R®---® R

h copies

as an R-module and hence d(g(Rlz,0] / < f(x) >)) =d(grR).deg f(x) =rd(grR).

1.6 Local Rings

The concepts and definitions in this section are also adapted from [2] and [10].

1.6.1 Characterization of Local Rings

Let R be a finite commutative ring and let R* denote the multiplicative group of
units of R. Then R is local if it has a unique maximal ideal K and 14+ K C R*.

Thus, R is local if all the non units of R form an ideal.

Definition 1.6.1 Let R be a ring, then R is called a local ring if its subset of non-

units 1s closed under addition.

Proposition 1.6.2 (See [10], Theorem 2.3 ) For a ring R, the following statements

are equivalent.
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(i) R is a local ring.

(ii) R has a unique maximal left ideal.

(11i) J(R) is a mazimal left ideal.

(iv) The set of elements of R with no left inverses is closed under addition.

(v) J(R) ={z € R| Rz # R}.

(vi) R/J(R) is a division ring.

(vii) J(R) = {z € R | x is not a unit}.

(viii) If x € R, then either x or 1+ x is a unit.

Proposition 1.6.3 Let R be an Artinian ring. If R has no non-trivial idempotent

elements then, R is a local ring.

Definition 1.6.4 Let R be a ring and let S be the smallest subring of R containing
the identity 1 # 0 such that for any integer n, nl is a unit in R, then if (n1)~! € S,
then S s called the prime subring of R. If the prime subring S is a field, then S is

called the prime subfield of R.

Example 1.6.5 Let p be a positive prime integer. Then Zy|z| is ring of all polyno-

mials with coefficients in Z, as its prime subfield.

Proposition 1.6.6 ( See [2]) Let R be a local ring with J(R) a nil ideal and S the

prime subring of R.

(i) If charR =0, then S = Q.

11



(i1) If charR = p", then S = Zyn, for all n > 0.

Proposition 1.6.7 ( See [2]) Let R be a local ring with J(R) a nil ideal and S the

prime subring of R. Then S = (S+ J(R))/J(R) is a prime subfield of R = R/J(R).

Definition 1.6.8 Let R be a commutative local ring and f(x) € R[z]. Then f(x) is

called a regular polynomial if f(x) is not a zero dwisor in R[x].

Theorem 1.6.9 Let R be a commutative local ring with J(R) a nil ideal and
f(x) = S a;x' € Rlz]. Then f(z) is nilpotent if and only if ag,ay,...,as are

nilpotent.

1.7 Galois Rings

It is well known (See Raghavendran [25], Theorem 1.7.1 ), that if R is a finite local
ring, then |R| = p™, |J(R)| = p" V" R = R/J(R) = GF(p") and charR = pF,
where 1 < k < n, for some prime p and positive integers k, n, 7.

Of special interest is the case when £k =n. Then R is commutative and isomorphic
to Zylx]/ < f(x) >, where f(z) € Z,[z] is a monic irreducible polynomial of
degree 7 in Z,. These rings, denoted by GR(p™", p¥), are called Galois rings of
order p*" and characteristic p*.

The following results due to Raghavendran and Wirt( [25], [30]), are well known.

Proposition 1.7.1 Let R be a Galois ring of the form GR(p*", p*). Then
R = Z,:[a] where a is a root of monic polynomial f(x) of degree v over Z,x which

is irreducible over Z,.

12



Proposition 1.7.2 Let R be a finite local ring. Then R is Galois if and only if

J(R) = pR for some prime number p.

Proposition 1.7.3 [12] If R is a Galois ring, then AutR = Aut (R/J(R)).

Lemma 1.7.4 Let R be a Galois ring of the form GR(p*", p*). Then R has a unique

Galois subring of the form GR(p*, p*) if and only if t | r.

Remark 1.7.5 A subring Ry of a Galois ring R is not necessarily Galois. However,

Ry is Galois if and only if it is a principal ideal.

Proposition 1.7.6 Let Ry and R; be two Galois rings of the same characteristic.

Then Ry = Ry if and only if Ro/J(Ry) = R1/J(Ry).

Proposition 1.7.7 ( see [12] ) Let R be a Galois ring of order p*" and of charac-
teristic p*, having a mazimal ideal J(R) such that R/J(R) = GF(p").

Let ¢ : R — R/J(R) be the cannonical homomorphism and let f € Zy|x]. If f =
ap+arz+---+azt, let P(f) denote the polynomial (ag)+(ay)x+---+1(as)x’.
Then if (f) is irreducible over Z, and if X is a root of ¥(f) in R/J(R), then there
exists A\ € R such that (\) = X and f(\) = 0. If in addition, R is commutative,

then X is uniquely determined by the given condition.

PROOF.
Let Ao € ¥71()\) and let Ry be a commutative subring of R containing )\ ( for
instance the subring Z,m[A\o] ). Then R, is a Galois ring with maximal ideal
RoNJ(R) = (J(Ry)). Let ¥(f) = g € Z,[z]. Since g is irreducible over Z,, X is

a simple root of g and therefore g(\) # 0. Let € Ao + (J(Rp)). Then o(f(x)) =

13



Y(f)(W(x)) = Y(f)(A) = 0 and so f(z) € J(R), but f(z) € Ry since z € Ry and
Zym|x] C Ro. Therefore f(z) € (J(Ry)).

Now consider the map o defined on Ry & J(Ry) by o(Xo + u;) = f(Ao + u;) for all
A € Ry and u; € J(Rp). We show that o is injective. Let o(A\g + u1) = o(Ag + u2)
with uy,us € J(Rp). Then f(Ao + u1) — f(Ao + uz) = 0, and therefore, since Ry is
commutative, we use the binomial formula to obtain;

0=2%!_1a;[(No+u)" — (Ao + u2)’]

— %! a4 [z;::O ()N 7] — i (;)Ag—jug}

= S0 S5 ()N (= wd)| = Shya [ S () (] — )|

= (u; — ug) [Eﬁzlai [2}:1 (;) Ao (u{;l +ud Py Ful Ui 4+ u]{l)H

= (u1—uy) [Zlemi)\é_l + %t ,a; [Z;ZQ (;) Ao 7 (u] 7t ] Py ] U 4+ ué_l)”
= (ur — ua) (f'(Ao) + ),

where v/ = X!_,a; [Ez':z (;) Ao 7 (u] ™t ] Py ] U 4+ ug_l)] € (J(Ro)).
Suppose u; — ug # 0, then f'(A\g) + ' is a zero divisor of Ry so that

V(A = ¥(f'(N)) = 0. But f’ is the derivative of f and hence ¥(f’) is the
derivative of 1(f), so ¥(f')(\) = 0 implies (f) has A as a multiple root which is a
contradiction since ¢( f) is irreducible over Z,. Thus f'(A\o) ¢ (J(Ro)). So f'(Ao)+2’
is invertible in Ry, implying u; —us = 0, and o is injective. But [Ag+(J(Rp))| = |Ro,
and (J(Ryp)) is finite so that ¢ is surjective. Thus o is onto, therefore there exist a

unique A € \g + (J(Rp)) C ¥~ 1()\) such that f(A) = 0. O

Corollary 1.7.8 Let f € Zy[x], be a monic polynomial of degree v and ¥(f) be
irreducible over Z,. Then f has at least v roots in R. If R is commutative, then f

has exactly r roots in R.
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The following result demonstrates the ”existence” of Galois rings.

Proposition 1.7.9 [25] Let f € Zy[x] be a monic polynomial of degree r whose
image is irreducible over Z,. Then R = Z,:[x]/ < f(x) > is a Galois ring of order

p*" and characteristic p* whose mazimal ideal J = pR.

PROOF.

Consider the ideals (p), (f) C (p, f) C Zyk[x]. Clearly,

R/pR = (Zy 2]/ < f(z) >) [ ((p, )] < f(z) >) = Zylz]/ ((p. f)) = GR(p", p).

So pR is a nilpotent ideal of R. Since R is commutative, then R/pR is invertible such
that if u € pR, then u™ = 0 for some n € Z". Let w ¢ pR, then w™ = 14u, u € pR,

for some m € Z*, sow™ =1—v,v € pR and
wh(l+v+- 40" N =0-v)(I+v+-+0" H=1-0"=1.

Therefore elements of R/pR are invertible and so R is a completely primary finite
ring with maximal ideal pR. Since, f is monic of degree r, R has p*” elements. Then
R has order p*”, R/pR has order p" and characteristic of R = p*. This implies that

R is a Galois ring. 0

Proposition 1.7.10 [25] Given a prime integer p, and positive integers k and r,

there exists a unique (up to isomorphism ) Galois ring of order p*" and |R/pR| = p.

PRrOOF.
Let R be a Galois ring of order p* and let |R/pR| = p". We establish that R is
isomorphic to the Galois ring constructed in the above proposition. Let the homo-
morphism 6 : Z,:[x] — R be defined by 6(h) = h(a). Obviously, Im 0 = Z,[c].
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First, we show that Z,:[z] = R, by proving that it is of order greater than or equal
to p*. Suppose N3\ = Si_qv N, with (pio, pia, - s fle1) # Moy Viy o5 Vrl1).
Then, ¥/= (j1; — v;) 2 = 0. Let p! with 0 <[ < k be the largest integer such that
P ‘ (; — v;). Then p (ZT OTZ)\Z) = 0 with (79, 71,...,7—1) # 0 mod p. But since
I <k, ¥_lm;\' is a zero divisor and hence X/_j7;2' must be a nonzero polynomial
in Z,[z] having X as a root, which is a contradiction. Hence |Zy|a]|= p" and
R = Z,|a], so the homomorphism 6 is surjective so that Z,[z]/kerf = R. Cer-

tainly, f € ker@ therefore fZ,:[z] C kerfl. We must have equality, since otherwise,

| Zi[z]/kerf | < p*. Therefore R = Z[x]/ fZ,x[z] = Ry. O

Lemma 1.7.11 ( [25]) Let R = GR(p*", p*), with k > 1 and with mazimal ideal
J(R). Then if Ko = Ro/J(Ry) = Ro/pRo, then every element of J(R) is uniquely

expressible in the form Zf;llozipi where «o; € K.

PROOF.
Let k = 1. Then R = Ky = GF(p") and the result readily follows. Now suppose
k > 1. Since charR = p*, then Z,[z] is a subring of R and therefore Z[a] C R.
Let r € R, then there exists a € Ky so that r + J(R) = a + J(R) which implies
that there exists u € J(R) such that r = a + u. Now by Raghavendran (see [25],
Theorem 1.7.1 ), there exists ; € Ky and i € {1,..., k—1} such that u = 2} a;p’.

Hence r = a + X' a;p® € Zi[b] so that R C Z,[a). It follows that R = Zy[a]. O

Lemma 1.7.12 [25] Let R = GR(p*", p*). If r € R annihilates p* for some

0 <i<k, thenr=p"iz for some v € R.
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PROOF.
If k = 1, then r = x so the result is trivial. Now, suppose k& > 1, and p'.r =
0. Assume 1 < i < k, otherwise, there is nothing to prove. Using the previous
notations, there exists yig € Ko, u € J(R) such that r = pg+u. But u = Y5 u;p’ for

k—i—1

some 4i; € Ko. Thus, r = puo+ X7 pip’ = po+ppy+- -+ pp—i—1 +p" 'z where

k_i—l,uk—i—l)~

T = pp_i+-+ptup_1 € R. Therefore, 0 = p'.r = p'(g+ppy+---+p
But p® # 0, since i < k, so that po-+pp1+- - -+p*~ 1 is a zero divisor of R and
therefore belongs to J(R). But then, o € J(R) and therefore pg = 0. This implies
that 0 = p™ ' (u1+ppa+- - -+ pe—i—2). Therefore puy+ppo+---+p" " 2p_is €

J(R) so that now, u; = 0. Repeating the argument another (k — i — 2) times, we

obtain that pg = 11 = - - = pp_i_1 = 0. Hence r = p*~ix 0

Remark 1.7.13 The group of automorphisms of a Galois ring is cyclic, and there-

fore completely classifies the automorphism groups of the Galois rings.

1.8 Some results on Completely Primary Finite
Rings

Let R be a finite ring with identity 1 # 0 and Z(R) be the Jacobson radical of
R. Then R is said to be primary if R/Z(R) is simple and is completely primary
if R/Z(R) is a division ring ( see Wilson [29]). Moreover, notice that (Z(R))" D
(Z(R))™! for each nonzero (Z(R))". The quotient field R/Z(R) is called the residue
field. The quotient spaces (Z(R))"/(Z(R))"™ may be regarded as vector spaces over

the residue field R/Z(R) via the action defined by (z + Z(R))(y + (Z(R))™) =
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ry + (Z(R))™ for x € Z(R) and y € (Z(R))".
The following results are due to Raghavendran [25], who has done a more exten-

sive study on completely primary finite rings.

Theorem 1.8.1 (See [25], Theorem 2 ) Let R be a completely primary finite ring

and Z(R) be its subset of all the zero divisors including the zero. Then,

(i) Z(R) is the unique mazimal ideal of R and R/Z(R) = GF(p"), for some prime

p and positive integer r,

(i) |R| = p™ and |Z(R)| = p"V" for some prime integer p and positive integers

n and r,
(iii) (Z(R))™ = (0), m <n,

(iv) there exists an element a € R of multiplicative order p™ — 1 such that if
¢ : R — R/Z(R) is the canonical homomorphism, then ¢(a) is a primitive
element of R/Z(R) and Fy =< a > U{0} forms a complete system of coset
representatives of Z(R) in R. Further, if A, u € Fy with A\ — pu € Z(R), then

A=p,
(v) charR = p* for some k with 1 < k < m,
(vi) if char R = p™, then R is commutative.
PRrOOF.

(i) Suppose u, ', v” € Z(R) and = € R, then obviously v’ £ v” € Z(R) and
zu = ur € Z(R) so that Z(R) is an ideal of R. Since every element of R is
either a zero divisor or a unit, R — Z(R) consists of units and since any ideal
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(iii)

which contains a unit is R itself, then Z(R) is maximal. Furthermore
R/Z(R) 2 GF(p") since R/Z(R) is a finite field. This follows from the fact

that every finite division ring is a finite field.

For each positive integer j, consider (Z(R)) /(Z(R))’*" as an R/Z(R) vector
space where scalar multiplication is defined as (z + Z(R)’™) (y + (Z(R))’™) =
vy + (Z(R)Y™ . Hence | (Z(R)/(Z(R)PH | = pb. Since (Z(R))™ = (0),
IRl = | R/Z(R)|| Z(R)/(Z(R)? |.. ) (Z(R)™/(Z(R)™ || (Z(Ry™ |

— pr(Hhittn )

=p" n=14+k+- -+ kn.

Clearly, k; > 1 and m < n. Therefore (Z(R))" = (0) and

Z(R)| = |RI/IGF ()| = p [y = p "

Finiteness of R implies that for some u € Z(R), there exists positive integers
i and j with j < so that 2/ = 2’ and 2/ (2" — 1) = 0. Since 2°7 is a unit,
it does not belong to Z(R). Then 2/ = 0 and Z(R) is a nil ideal. Finiteness

of R also implies that Z(R) is nilpotent, that is, (Z(R))™ = (0).

Let R* = R — Z(R), then the canonical homomorphism ¢ : R — R/Z(R)
induces a surjective multiplicative group homomorphism 6 : R* — R/Z(R).
Since kertyp = Z(R), then kerf) = 1+ Z(R) so that 1 + Z(R) is a normal
subgroup of R*. Now, suppose < a >= R/Z(R) and ayg = 6 (), then the
order of ag is ¢(p” — 1) and |R — Z(R)| = p™" — p= 17 = p(n=1r(pr — 1),

So, the order of ag is of the form p'(p” — 1). But a = agp’ has multiplicative
order p" — 1 and 6(agp') = ap' which also generates R/Z(R) since p' and
p" — 1 are relatively prime. Furthermore, 0(F,) = R/Z(R) and therefore Fj
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is a complete set of coset representative of Z(R) in R. The last part of the

result follows from this property.

(v) char (R/Z(R)) = p since R/Z(R) is a finite field. So p € Z(R) and p™ = 0

because Z(R) is nilpotent. Then charR = p* for 1 < k < m.

(vi) Consider the field Ky = {(0,a' : t = 1,...,p" 1)} of p" elements from (iv),
a — f € Z(R) implies that o = g for a, f € K. Let charR = p™, then by

induction on t, we can show that for oy, 3; € Ky the equation
yrottay = St B (1.1)

imply that p™~ ! (ay — 8;) = 0 and that oy — 8, =0 for t =0,...,m — 1.
So the set {X/";'pt.ay : oy € Ko} contains p™" distinct elements and is con-
tained in R, hence R = {Z/";'p'.ay : ay € Ky} and every element of R is

uniquely expressed as X" 'pt.ay, a; € Ky, so that R is a commutative ring.

0

Remark 1.8.2 The ring R is said to be of maximal prime power characteristic if

Theorem 1.8.1 part (vi) holds.

Corollary 1.8.3 Let R be a completely primary finite ring. Then every element of

R is uniquely expressible in the form o+ x, o € Ky =< a > U{0} and z € Z(R).

Remark 1.8.4 If k =n, then R = Z,:[a] where a is an element of R of multiplica-
tive order p"—1, Z(R) = pR and Aut(R) = Aut (R/Z(R)). As earlier stated,

R is a Galois ring GR (p*", p¥).
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In addition to the above results, the following theorem due to Wirt [30] was also

of great value in this study;

Theorem 1.8.5 Let R be a completely primary finite ring and Z(R) be its subset of
the zero divisors, |R/Z(R) = p" and charR = p*. Then R has a coefficient subring
Ry of the form GR (p"”, pk) which is a maximal Galois subring of R. Moreover,
there ezist uy,...,u, € Z(R) and 04, ...,0, € Aut(Ry) such that

R=Ry® E?:l ® Rou; (as Ro-modules, and wix = x%u;, for every x € Ry and
everyi=1,...,h).

The following results are immediate from the above theorem:

(i) 64,...,60, are uniquely determined by R and Ry ( See Theorem 1, [4]).

(i) 6; is called the automorphism associated with u; and 0y, ..., 6, are the associ-

ated automorphisms of R with respect to Ry ( See Theorem 8, [25] ).

(iii) If R’ is another coefficient subring of R, then there exists an invertible element

y € R such that R = yRyy~' ( See Theorem 8, [25]).

(iv) It is clear that R is commutative if and only if §; is an identity automorphism.

1.9 Basic Concepts On Zero Divisor Graphs Of
Finite Rings

The following definitions and concepts in graph theory, which can also be found in

( [18]and [21]), have been used throughout the thesis.
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For the purpose of our study, the graphs of interest are simple non loop, non-directed

graphs.

Definition 1.9.1 A (Simple) graph T' = (V, E) is a set V, called the vertex set, and
a set of irreflexive, symmetric relations E, on V, called the edge set. If x and y are
distinct vertices of I', then if x and y are related in E, we call the relation an edge
between x and y, denoted by x —y or {x,y}. The size or order of a graph denoted
by |V (I')| is the number of vertices in the vertex set V(I'). A subgraph T of a graph
I' is a graph whose set of vertices and set of edges are all subsets of I'. That is if

"=V, E)YCT=(V,E), then V'CV and E' C E.

Definition 1.9.2 Let R be a commutative with the identity 1 # 0 and Z(R) be its
subset of zero divisors. We associate with R, a zero divisor graph, denoted by I'(R)

which s a simple graph with vertex set being the set of non-zero zero-divisors of

R, Z(R)* = Z(R) — {0}, and with x —y an edge if and only if v # y and xy = 0.

Definition 1.9.3 Chromatic or colouring number of the graph T'(R) denoted by
X(R) is the least number of colours which can be assigned to the vertices of a graph

so that no adjacent vertices have the same colour.

Definition 1.9.4 The degree d(v) of a vertex v is the number of edges E(v) that
are incident with or connecting a vertex v. The sum of the degrees of all the vertices

is called the degree of the graph.

In Figure 1.1 below, the degree of vertex a is 3 while the rest of the vertices in the

graph are of degree 1 each. Thus d(a) = 3; d(b) = d(c) = d(d) = 1.
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Q.
&

Figure 1.1: Hlustration of degree of a vertex of a graph

Definition 1.9.5 (Path) A path is a sequence of distinct consecutive edges in a

graph. The length of a path is the number of edges traversed.

For instance in Figure 1.2 below, d —+ e — b — ¢ — d is a path of length 4.

a

o

Figure 1.2: Illustration of a path in a graph

Definition 1.9.6 Let P = xq---xp_1 be a path with k > 3. The graph C := P +
x_120 s called a cycle. The length of a cycle is its number of edges (or vertices) on
the cycle. A cycle of length k is denoted C* and called a k — cycle. The minimum
length of a cycle in a graph T" is called the girth of T and is denoted by gr(I'(R)). If

['(R) does not contain a cycle, we set gr(I'(R)) = oo.

Definition 1.9.7 (Complete graph) A graph T'(R) is called complete if for every
u, v € V(['(R)),u # v, there exists an edge {u, v}. Thus, a complete graph with

n vertices, denoted by K, is a graph in which each vertex is connected to each and

23



every other vertex by an edge. A non empty graph I'(R) is called connected if there

is a path linking any two of its vertices.

Examples of complete graphs of vertices 1, 2, 3, 4 and 8 respectively are shown

in Figure 1.3 below.

AKX

Ky K K3 Ky

Figure 1.3: Hlustration of complete graphs

Definition 1.9.8 (k-partite verties). Let Z(R)* denote the set of all nonzero zero
divisors of a ring R. Then the vertex set 'V = {Vi,Va,...,Vi} C Z(R)* are k—

partite of the set V if and only if
(i) Vi#0, V1<i<k,
(i) ViV, =0, 1<i,j <k,
(iii) UE_\V; = V.

Definition 1.9.9 A k-partite graph is a graph whose vertices can be partitioned into
k-disjoint sets such that no two vertices within the same set are adjacent. If k = 2,
the graph is a bipartite graph. A k-partite is called complete if every pair of vertices

i the k-set are adjacent.

Definition 1.9.10 A bipartite graph is a graph whose vertices can be partitioned
into two disjoint subsets U and V such that each edge connects a vertex in U to
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one i V and no edge exists between the vertices in the same subset. The bipartite
graph is complete if every vertex in U is connected to every vertex in V. If U has
n elements and V has m elements, then the complete bipartite graph is denoted by
Kopn.

Complete bipartite graphs, Ko and Ks 3 are illustrated in Figure 1.4 below.
Ky K33

Figure 1.4: Illustration of complete bipartite graphs

Definition 1.9.11 A star graph S is the complete bipartite graph K, in which

one of the vertex sets is a singleton.

The following results apply to star graphs:

(i) If I'(R) is a star graph having p vertices where p is a prime number, then the

center of the star graph is idempotent element in R.

(ii) If I'(R) is a star graph of order p and center vertex a, then {0,a} forms an

ideal in R.

(iii) If R = Z,, where p and ¢ are distinct prime numbers, then the set of all

vertices having the same degree form ideals in R.

(iv) Let R = Z,, then n = 2p if and only if I'(R) is a star graph of order p.
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(v) If I'(R) is a star graph with order p where p > 3 is prime, then R is a ring
such that for all @ € R, there exists a b € R satisfying a = aba, also called Von

Neumann regular ring.
(vi) If R =Z,, then |I'(R) |=p — 1.

Definition 1.9.12 (Clique and Clique Number) A subgraph of a graph is any subset
of vertices together with any subset of edges containing those vertices. An induced
subgraph is a subgraph mazximal with respect to the number of edges. A complete
induced sub-graph K, of any graph T is called a Clique and the Clique number of T',

denoted by w(I') is the greatest integer r > 1, such that K, C T'.

Definition 1.9.13 ( Diameter of a graph ) For vertices v and v in I'(R), the dis-
tance between u and v denoted by d(u,v) is the length of the shortest path from u
to v in I'(R), for instance d(u,u) = 0 and d(u,v) = oo if no such path exists. The
diameter of I'(R), denoted by diam(I'(R)), is defined as diam(I'(R)) = sup{d(u,v)|u

and v are vertices of I'(R)}.
Definition 1.9.14 A vertex that has no incident edges is called an isolated verter.

Definition 1.9.15 A graph is said to be almost connected if there exists a path

between two non isolated vertices in the graph.

Definition 1.9.16 A graph is called singleton if it is a connected graph with zero

diameter.

Theorem 1.9.17 (see [8], Theorem 2.2 ) Let R be a commutative ring. Then I'(R)
18 finite if and only if either R is finite or R is an integral domain. In particular, if
1 <|T(R)| < oo, then R is finite with |R| < |Z(R)|* and R is not a field.
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Theorem 1.9.18 (See [7], Theorem 2.3)Let R be a commutative ring. Then I'(R)
is connected and diam(I'(R)) < 3. Moreover if I'(R) contains a cycle,

then gr(I'(R)) < 7.

Theorem 1.9.19 (See [7], Theorem.2.8 ) Let R be a commutative ring. Then I'(R)

is complete if and only if either R = Zy X Zy or xy =0 for all x,y € Z(R).

Definition 1.9.20 Let R be a finite ring. The binding number of a graph T'(R)
denoted by b(T'(R)) is defined by b(I'(R)) = %SS‘)‘ where S C V(T'(R)), S # 0,

N(S) # V(I(R)) and satisfy the following conditions
(i) N(S)US = V(T(R)).
(ii) N(S)NS =0
(iii) the degree, d(u) < d(v) for all u € S,v € N(S).

(iv) no two vertices in S are adjacent.

1.10 Structure of the thesis

The first chapter introduces the basic concepts and definitions which have been used
in the thesis. The second chapter accounts for the literature related to this research.
The results on the zero divisor graphs of the Galois rings are provided in Chapter
3 while in Chapter 4 we state a well known construction of a class of completely
primary finite rings and discuss the results of their zero divisor graphs. In Chapter 5,
we have provided results of the zero divisor graphs of completely primary finite rings
in which the product of any two zero divisors lies in the Galois subring. Chapter 6

concludes the thesis and provides some recommendations.
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Chapter 2

Literature Review

The concept of a zero divisor graph was first introduced by Beck [11]. His graph
consists of the vertex set of all elements of the ring R, such that distinct vertices u
and v are adjacent if and only if wv = 0. This is a simple (no loops) connected graph
whose diameter is less than or equal to 2 since the zero vertex is adjacent to every
other element of the ring. Beck was mainly interested in the chromatic number of
the graph of R and conjectured that the chromatic number of the graph is equal to
its clique number. He classified all finite rings with chromatic number strictly less
than 4.

Later, Anderson and Naseer [5] proved a counterexample to Beck’s conjecture by
providing a finite ring whose zero divisor graph had the clique number strictly less
than its chromatic number. They proved several results for which the conjecture
holds and extended Beck’s classification of finite rings with small chromatic number
to those cases when the chromatic number is exactly 4.

Anderson and Livingstone [7] simplified Beck’s zero divisor graph. The vertex set
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in their graph consisted of nonzero zero divisors of the ring R and denoted this
simple undirected graph by I'(R). This better illustrated the structure of the zero
divisors of the ring. They established that if R is a commutative ring, then I'(R)
is connected with the diameter, diam(I'(R)) < 3. They succeeded in showing that
['(R) is finite if and only if the ring R is finite. This approach enabled Anderson and
Livingstone [7] to classify finite rings whose graph is complete or is a star graph.
Anderson et al. [8] studied the clique number of I'(R) and the relationship between
graph isomorphisms and ring isomorphisms. They proved that I'(R) is complete if
and only if either R = Zy X Zy or xy = 0 for all non zero z and y in Z(R)*. In
particular they established a fundamental result that if S and T are finite reduced
rings which are not fields, then I'(S) and I'(T") are graph isomorphic if and only if
S and T are ring isomorphic. They further determined all positive integers n for
which ['(Z,,) is planar, and posed an open problem as to which of the finite rings
in general would determine a planar zero divisor graph. This problem was partially
answered by Akbari et al. [1] where the authors refined the question to local rings
whose cardinality is at least 32.

Concurrently, Smith [27], independently provided a complete solution, classifying all
the rings with planar zero divisor graphs by listing 44 isomorphism classes altogether.
Crucial to all proofs concerning planar graphs, is Kuratowski’s Theorem which states
that a graph is planar if and only if it contains no subgraph homeomorphic to the
complete graph Kj or the complete bipartite K3 3.

Akbari et al. [1] listed all the rings that determine a complete r-partite graph.

These results are similar to those obtained by Anderson and Livingstone [7], where
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the ring R is such that ['(R) is a star graph.

Using the zero divisor graph as introduced by Anderson and Livingstone [7], Duane
[19] explored p-partite structure of I'(Z,,) and determined a complete classification
of chromatic number of I'(Z,,) and further, determined how these concepts relate to

the prime factorization of n. Duane [19] proved that for each prime integer p,
(i) I'(Z,2) is a complete graph K.
(ii) I'(Z,s) is a complete p—partite.
(iii) I'(Zyx), where k € Z*, has an induced complete p— partite subgraph.

Nazar et al. [23] also investigated the zero divisor graph I'(R) of certain finite rings
and were able to characterize the complete bipartite zero divisor graphs of certain
finite commutative rings. They characterized I'(R) for R = Z,n,, where p and ¢ are
distinct prime integers while n is a positive integer and proved that if p and ¢ are

distinct prime integers and k£ > 1 a positive integer, then the clique number,

k
p2, if kis even ;
I'NZ = -1
w ( ( p’“q)) {pkg +1, if kis odd.

Worthy to note is that concurrently, Sankeetha et al. [26] were also able to evaluate
the binding number of the zero divisor graphs of the ring of integers modulo n. They
computed the binding numbers of I'(Z,,) and proved the following results:-

For each distinct prime integers p,q and k € Z™,

—_

(i) b(I'(Z2p)) = 775

(i) b(I'(Zy2)) =

iS]
| [~
o

(i) b(D(Zyg)) = =1, where p < g.

q—
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k—4

k
2k=1_93 %

;=n 2'—2 if ki :
T , if k is even ;
] 25 2 2i4]
iv) b(I(Zor)) = ko1 / hea k=3
@) 0@ = G ey
— , if k is odd.

k—1
=
277 %, 2 2

(v) B(I(Z4) = gy + P > 4
(vi) b(I'(Zsp)) = 4(p—771) , p>8.

(vii) B((Zoey)) = 7y - 0> 2

(viil) b(D(Zg)) = 52— . k > 3.

In this thesis, more generalized results on the binding numbers, the clique num-
bers and the partiteness of the zero divisor graphs of finite rings of prime power
characteristic have been obtained.

The girth is one of the graph invariant properties studied for zero divisor graphs.
Known in literature is that if I'(R) has a finite girth then ¢gr(I'(R)) < 4. If R is
Noetherian and I'(R) has finite girth, then gr(I'(R)) < 3.

Anderson and Livingston [7] investigated the interplay between graph theoretic prop-
erties of I'(R) and the ring theoretic properties of R and showed that if R is Artinian
ring and I'(R) contains a cycle, then gr(I'(R)) < 4. The authors conjectured that
this upper bound would hold in general and was later confirmed in two independent
studies by De Meyer and Schneider [17] and Mulay [22].

Anderson, Axtell and Stickles [6] assessed the preservation of the diameter and
girth of the graph of a commutative ring under extensions to polynomials and the
power series rings. They investigated the preservation of the diameter and girth
under idealizations of commutative rings. They characterized the girth of the zero
divisor graph of an idealization and completely established the conditions under
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which the zero divisor graph of an idealization will be complete. They further pro-
vided some conditions for which the zero divisor graph of idealization will have a
diam(I'(R)) = 2.

In the sequel we consider some important results proved by Anderson et al. [6].

They showed that if R is a ring and U is an R— module then,

(a) The girth, gr (I'(R @ U)) = 3 if and only if one of the following exists,
()|U]> 4,
(ii) U = Zs3, and one of the following hold.
e there exists a nonzero r € R such that 72 = 0 or

e there exist distinct a,b € Z(R)* such that ab =0 = aU = bU.

(b) The girth, gr (I'(R® U)) = oo if and only if one of the following hold.
(i) U =2 Z3 and ann (U) =0 and R = Z3 or

(ii) U = Zy and either R = Zy @ Zs or R is an integral domain.

The only case in which gr (I' (R @ U)) = 4 is when U = Z, and R does not meet
any of the conditions. For instance, gr (I' (R @® Z3)) = 4 when R = Z3 @ Zo.
The diameter of the zero divisor graph of an idealization need not be preserved.
Moreover if diam (I' (R)) > 1, then diam (I' (R & U)) > 1. It is worthy to note that
a ring R may be such that I' (R) is complete and diam (I'(R @ U)) > 1 besides
other possible combination between the diameter of R and that of R & U. The
necessary and sufficient conditions to guarantee that I' (R @ U) is complete have
been provided and some results for the cases when diam (I' (R & U)) = 2 have also
been established.
The authors [6] proved that if T' (R) # (), then T' (R @ U) is complete if and only if
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R @ U satisfies the following properties;
i) (Z(R)*=0.
(ii) For every element r € R,ru # 0 for all uw e U* = U\{0}.
(iii) If r € Z(R)*, then rU = 0.

They established that I' (R & U) is complete if and only if Z ((R& U))*> = 0
and even though it is clear that I'(R& U) > 1 if I'(R) > 1, and that idealizations
need not preserve the diameter of the zero divisor graph, it is possible to construct
idealizations which preserve the diameter of the zero divisor graphs. For instance,
diam (I' (Zs)) = 2 and diam (I' (Zs & Z3)) = 2, ( see [6]).

The classification of the diameter of an idealization would be exhausted if it was
possible to find the necessary and sufficient conditions for ensuring that

diam (I' (R @ U)) = 2. This classification is still open even though it has been noted
that the characterization of the diameter 3 is manageable.

The authors [6] also found that diam (I'(R® U)) = 2 if R@® U is such that
(Z (R))* = 0 and for every element r € R, ru # 0 for all u € U* = U\{0} but if
r € Z(R)*, then rU # 0. Alternatively, diam (I'(R® U)) = 2 if (Z (R))* # 0 and
for every element r € R, ru # 0 for all u € U* = U\{0}, but if » € Z(R)*, then
rU = 0.

Mulay [22] introduced another version of the zero divisor graph associated to a ring
R. He considered two zero divisors u, v € Z(R)* to be equivalent if anng(u) =
anng(v). His graph, denoted by I'g(R), is a simple graph with the vertex set equal

to the set of equivalence classes {[u| | u € Z(R)*} so that distinct equivalence classes
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[u] and [v] are adjacent in I'g(R) if and only if uv = 0 in R. Mulay [22] showed
that for a given a ring R the graph is connected with diam(I'g(R)) < 3.

Spiroff and Wickam [28] compared and contrasted I'g(R) with T'(R). A critical
distinction between I'g(R) and two earlier versions of zero divisor graphs is that
I'g(R) can be finite even when R is infinite, which therefore gives a more explicit
visual description of the zero divisor structure of the ring. For instance they showed
that if R = 7Z/(3) x Z/(3), then I'(R) is a 4 cycle graph with gr(I'(R)) = 4 while
I'p(R) is an edge. Some of their other findings were that if R is Noetherian ring,
then I'g(R) is complete Ky graph and if I'g(R) is complete bipartite, K, ,, then
n =1 so that ['g(R) is a star graph. They also found that if I'g(R) has at least 3
vertices then it is not a cycle or more generally not regular. One other significant
aspect of Mulay’s graph is that its vertices correspond to the annilator ideals in the
ring R so that the associated primes of R are represented in I'g(R).

These results have proved to be useful for comparison reasons to the results that have
been obtained for the zero divisor graphs of the finite rings constructions investigated
in this thesis. In most research articles related to our study, it has been argued that
the zero divisor graph in which the vertices are nonzero zero divisors yield better
characterization of the zero divisors of commutative rings. This study has extended
the idea of the zero divisor graphs of idealizations by providing constructions of two
classes of more generalized idealizations and investigated the structures of their zero
divisors.

Taking into consideration the fact that any finite ring is decomposable into a finite

direct sum of completely primary finite rings, this study has characterized the zero
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divisor graphs based on their invariant geometrical properties and has made an

immense contribution towards the classification of these finite rings.
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Chapter 3

Zero divisor graphs of Galois

Rings

Throughout this section, Ry shall denote a Galois ring. The objective of this
section is to investigate the properties of the zero divisor graphs of Galois ring
Ry = GR(p", p*) of order p*" and characteristic p* where p is prime and k and r
are positive integers.

Let Ry be Galois ring and Z(Ry) be its subset of the zero divisors (including
zero). Then Z(Ry) is a unique maximal ideal and is hence the Jacobson radical of
Ry. Associate with Ry, the graph I'(Ry) whose vertices are the elements of the set
Z(Ry)*. Two distinct vertices x,y € Z(Ry)* are adjacent if xy = 0. We also explore
the graph of equivalent vertices in Ry denoted by I'(Ry) which was introduced by
Mulay in [9] as a simple graph with vertex set Z(Ry)*/ ~, such that [z], [y] € Z(Ry)*/
~ are adjacent if the product xy = 0. Consider x € Z(Ry)* and s # 1 a unit element

in Ry. Let the vertices x and sz in I'(Ry) be distinct and [z] = [sz] in I'g(Ry), (Note
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that [z] = [sz] implies that ann(z) = ann(sz)). We investigate the connectedness
of I'(Ry) and I'g(Ry) and also compute diameter, girth and binding number as well
as clique number of both I'(Ry) and I'g(Ry). We begin with the trivial case and

later consider the general case.

3.1 Trivial Case

Lemma 3.1.1 Let Ry = GR(p*", p*). Consider the graph T'(Ry) whose vertices are
given by p'"a with o € R and 1, a positive integer.

Then

z pr—1, if 2l <k;
deg(p" o) =

pr =2, aif 20>k
PROOF.
We have two cases to consider.

Case (i): When r = 1. So GR(p"", p*) = G(p*, p*) = Z

ok -
Clearly Ry = Z,. and ged(a, p¥) = 1. So all the vertices adjacent to (p'a) in the
set pZ,x of vertices of the graph I'(Ry) are the same vertices adjacent to (p'). Hence
to find the deg(p'a) it suffices to find all vertices adjacent to (p'). Let n be the
number of vertices adjacent to (p!) in I'(Ry). Now, the first term in this sequence
of vertices is p*~! and the n'* term is p*~' + (n — 1)p*~L. Since the last term in the
sequence is p* — p*~! it easily follows that p*~! + (n — 1)p*~! = p* — p*~! leading to
n=p —1if p*t > pl or k> 20 If p*~ < pl or k < 2, then p?*(p*!) = plis

adjacent to itself, so that deg(p') = p' — 2.

Case (ii): When r > 1, then the degree of f(x) > 1. So if p'a € Ry where a € R},
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then deg(p'a) = |ann(p'a) — {0,p'a}|. Now ann(p'a) = p*~Y R,. Hence

Ir

|ann(pla)‘ — ’pkilRO’ — p(kf(kfl))r =

When k > 2I, we claim that p'a ¢ ann(p'a). Without loss of generality, let
k =20 + 1, then p*Da = pP+1-0q = pt+D. This implies that p*Ya is the least
element in ann(p'a). When k < 2I, we claim that p'a € ann(p'a). Without loss of

=D is the least element in

generality, let k = 21 — 1, then p*Ya = p*=1-Dq = pl
ann(p'a). Therefore conclusively, when k > 21, then |ann(p'a) — {0, pla}| = p'" — 1

and when k < 21, |ann(p'a) — {0,p'a}| = p!" — 2. which completes the proof. O

Proposition 3.1.2 Let Ry = GR(p*, p*) be the Galois ring of order p* and char-

acteristic p*. Then the graph of Ry is

pg — 1 — partite, if k is even;

I'(Ro) =
p% — partite, if k is odd.

PROOF.
Let Ry = GR(p*, p*) and consider the set Z(Ry)* = Z(R)\{0} = pRo\{0} of all
the non zero zero divisors of Ry. We partition Z(Ry)* as follows;
Case (i): k is an even integer.
Partition Z(R)* into the following subsets.
Vi = Z(Ro) MU}, 2<j <p? — 1 and V; = {j(p2)}, 2<j<p? — 1.
Clearly, each of the V; for 1 <1 < pg — 1 are distinct non empty sets, containing
non adjacent vertices. Thus; V; # @ forall 1 <i < p2 —1, V; N V; = 0 for all
2<j<pi—land VNV, =0forallj#1 2<j | <p:—1 Finally
Z(Ro)* = Vi UL SV} = U2 {Vi}. Therefore T(Ro) is (p% — 1) — partite.
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Case (ii): k is an odd integer.
Partition Z(R,)* into the following subsets. Vi = Z(Ro)*\{(j — 1)p"= } for 2 <
j<pT and Vi ={( - 1)p%} for all 2 < j < p"7". Clearly, each of the V;

forall 1 <i< p% contains non adjacent vertices. Moreover, V; # () for 1 < i <

P, VinV;=0 for 1<j<ps and V;NVi=0 for j#£I, 2<jI<pz.

k—1 —1

k
Finally, Z(Ry)* = ViU U?j {v;} = U] {Vi}. It thus follows that for odd integer

k, T'(Ry) is p's  — partite. O
Proposition 3.1.3 Let Ry = GR(p*, p*),k > 3. Then
(i) diam(D(Ry)) = 2.

00, if p=2andk = 3;
(ii) gr(U(Ro)) =

3, elsewhere.
%
kfl—_z, if k is even;
(111) b(T'(Ry)) =< * P2+l
k—1
22 -1 ifk is odd.
pt—l-p z

PROOF.
To establish (i), the vertex p*~! of T'(Ry) is adjacent to every other vertex. Sup-
pose t; +ty Z 0 (mod pF), then the vertices p'* and p? are nonadjacent. Thus
diam (I'(Ry)) = 2.

To prove (ii), let p = 2 and k = 3, then the graph, I'(Ry) shown below

2 4 6

is a bipartite graph, and therefore does not admit a polygon as a subgraph.

Elsewhere, for t € Z" and 2 < s < p — 1, the graph
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is a triangle. Moreover, p*~! is adjacent to all the vertices. Thus I'(Ry) admits
K.
To prove (iii), let k be even and let Vi = Z(Ro)* — {j(p?), 2 < j < p? — 1}

Then by Definition 1.9.20, N(V;) = {j(p?), 2 < j < p? — 1}. Now we have that

I
]
el
L
|
i~
Ve
+
—_
o
)
o,
=
=
I
i~
e
|
[\
n
@}
—+
=
o
-+
-+
=
@

Vil=F 1)~ (p7 - 2)

binding number, b (I'(Ry)) = ‘ ]‘V(Vl) | — pl

When k is odd, we have that Vi = Z(Re)* — {(j — 1)(p'? ), 2<j <p'z } and

Example 3.1.4 Let Ry = GR(3*, 3%) = Zg,. Here, p=3 and k = 4. Then

Z(Ro)* =1{3,6,9,12,15,18,21, 24,27, 30, 33, 36, 39, 42, 45,48, 51, 54, 57, 60, 63, 66, 69, 72, 75, 78}.
Then we have Vi = {3,6,9,12,15,21,24, 30,33, 39, 42,48, 51,57, 60, 66,69, 75, 78},

Vo = {18}, V3 = {27}, Vy, = {36}, V5 = {45}, Vs = {54}, Vz = {63} and Vi = {72}.

Thus, T'(Zg1) is 8-partite or octa-partite as seen in Figure 3.1 below with;

diam(I'(Ry)) = 2.
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Figure 3.1: The zero di\iﬁor graph of GR(3%, 3%)



Example 3.1.5 Let Ry = GR(23, 23) = Zg. Here, p=2 and k = 3. Then Z(Ry)* =
{2,4,6}, with V; ={2,4,6}\ {4} ={2,6} and V, = {4}.

So the zero-divisor graph U'(Zs) of Zs is bi-partite graph drawn in Figure 3.2 below
with;

diam(T'(Ry)) = 2.

gr(T'(Ryp)) = oo.

W

6
J

Figure 3.2: The zero divisor graph of GR(23, 23)

Remark 3.1.6 We observe from the above examples that if R = Z,. and I'(R) is
a perfect graph (i.e. if for every subgraph H C T'(R), w(H) = x(H)), then the
partite number is equal to the clique number of T'(R). So the clique number for I'( R)

S pg — 1 if k is even and is p% if k is odd.

Automorphisms of zero divisor graphs of trivial (Galois rings

Trivial Galois rings can be exhibited in two ways: when k =1, Ry = GR(p", p) and
when r = 1, Ry = GR(p*, p*). In the former case, the zero divisor graph is empty.

It is therefore of interest to describe the group of automorphisms of the zero divisor
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graphs of Galois rings in the latter case.

We use the ideas based on the findings of Anderson and Livingston [7]. Distinct
ring automorphisms of R induce distinct graph automorphisms of I'( R) provided R
is a finite ring and is not a field.

An automorphism f of a graph I'(R) is a bijection f : ' — T' which preserves
adjacency. The set Aut(I") of all graph automorphisms of I" forms a group under the
usual composition of functions. Moreover if |V (T')| = p*, then Aut(T) is isomorphic

to a subgroup of Syx and hence it follows that Aut(K ) = Sy Infact, for a graph I of

order p*, Aut(T') = S

o if and only if I' = K». Now, by restricting each f € Aut(R)

to Z(R)* we obtain a natural group homomorphism ¢ : Aut(R) — Aut(I'(R)).

Generally, Aut(T'(R)) > Aut(R).
Remark 3.1.7 An f € Aut(R) is completely determined by its action on Z(R).

Theorem 3.1.8 Let R be a completely primary finite ring which is not a field, and
let f € Aut(R). If f(z) =z, for all © € Z(R), then f = 1. Thus ¢ : Aut(R) —

Aut(T'(R)) is a monomorphism.

Now consider the ring Z,x. For p* > 4,k # 1. Let
X={deZ|1<d<prandd]|p}.

Foreachd € X, let Vy={x € Z | 1 < x < p* and ged(z, p*) = d}. We note that
Z(Zy)* is the disjoint union of Vy,. Furthermore, notice that two vertices have the

same degree if and only if they are in the same V.

Proposition 3.1.9 If k > 2 is an integer, then

(i) |Aut(T(Zy))] = T, (28 if p=2,
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(i) |Aut(D(Z))| = I_pp™ " (p = 1)1 if p#2.

PROOF.

(i)

The set X = {2,4,...,2"" 1} then
Vo={2t :1<t<2F1isodd };

Vi={4t :1<t<2F?isodd };

Vor—1 = {2k_1 }

Upon counting, |Va| = 2872 |V,| = 2¥73 and continuing inductively in this
manner, we have |Vor—2| = 2 and |Vae—1| = 1. Then Aut(T'(Zor)) = ¥, S0k

and the required result readily follows.

Taking a prime integer p # 2, and the set X = {p, p?,...,p"* '}, then,
V,={pt :1<t<p"'and (t,p) =1}

Ve ={p* :1<t<p?and (t,p?) =1};

Vs = {p" 1t 11 <t <pand (t,p*") =1},

Upon counting, we have |V,| = p"2(p—1), |V,2| = p**(p—1), and continuing
inductively in this manner, we have [V—2| = p(p — 1) and |V-1| = (p — 1).

Then Aut(T(Zyx)) = TS k-i(,—1) and the required result readily follows.
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3.2 General Case

Theorem 3.2.1 (See [2]) Let R be a commutative ring (not necessarily Galois).

Then T'(R) is finite if and only if R is finite or an integral domain.
Remark 3.2.2 By the immediate theorem T'(Ry) is finite since Ry is finite.
Lemma 3.2.3 Let Ry = GR(p", p), then Z(Ry)* = 0.

PROOF.

Ry has no nonzero zero divisors since it is a field. ]

Proposition 3.2.4 Let Ry = GR(p*, p*). Then T'(Ry) = Ky and Tr(Ry) is a

single vertex.

PROOF.
Since (Z(Ry))? = 0, each zero divisor is adjacent to each other. But
|Z(Ro)*| = p" — 1, so that I'(Ry) is complete on p" — 1 vertices. That I'g(Ry) is a

single vertex follows from the fact that ann(Z(Ry)) = Z(Ro). O

Example 3.2.5 For k =3, r = 2, we have Ry = GR(2°, 23) = Zg[z]/(2* + 1). So
let a be the root of f(x) = x® + 1 in Zs. Then Z(Ry)* = {2,4,6,2a,2a + 2,2a +
4,2a 4 6, 4o, 4o + 2,4 + 4, 4 + 6, 6, 6 + 2, 600 + 4, 60 + 6}

We partition Z(Ro)* as follows: Vi = {2,6,2a, 2 + 2,2 + 4,2 + 6, 4w + 2, 4o +
6,60, 60+ 2,60 + 4,60 + 6}, Vo= {4}, Vi ={da}, Vi={4a+4}. SoT(R,) is
a 4-partite graph as seen in Figure 3.3 below with the following characteristics;

diam(I'(Ry)) =2, gr(I(Ro)) =3 and b(T'(Ry)) =1 while w(I'(Ry)) = 4.
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2a

200+ 2

200+ 4

200+ 6

ba

6 + 2

6 + 4

6+ 6

4o+ 6

4-partite graph

Figure 3.3: The zero divisor graph of GR(2°, 23)

Note that V; = {2,6, 2, 2a+2, 2a+4, 2a+6, 4da+2, 4a+6, 6cr, 6ac+2, 6 +4, 6a+6}
represent the equivalence class [2] while V; ;i € {2, 3, 4}, is the equivalence class
[4] so that T'g(Rp) is an edge as shown below in Figure 3.4.

2] e o [4]

Figure 3.4: The graph I'p of zero divisors of GR(2°, 23)

Remark 3.2.6 Observe by the above two examples that if Ry = GR(p*", p?), then

I'(Ry) is more crowded or messy while I'g(Ry) is a single edge.
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Proposition 3.2.7 Let Ry = GR(p™, p*) where k > 3,r € Z*. Then,

(p%’“ — 1) — partite, if k is even,
F(R()) -
,17‘

ka — partite, if k is odd.

PROOF.
Clearly Z(Ro)* = Z(Ry)\{0} = pRy\{0}. We have two cases to consider.
Case I: When £ is an even integer.
Let €1, ...,€6. € Ry with e; = 1 such that ..., €. € Ry/pRy form a basis for Ry/pR,
regarded as a vector space over its prime subfield GR(p). We now partition Z(R)*
into the following subsets; U; = {Sase;} where 1 < i < r and a; € {0,j(p?)}
for 1 <j < p2—1; Vsaie, = UN{0,p2} and Vi = Z(Ro)*\ U; Voiaie,- Now, for
each i = 1,...,r, Vs, # 0 and each of the V5, contains no adjacent vertices.
Vi N Vg, = 0 and the sets Vi, are all mutually disjoint. Moreover, Z(Ry) =
u {LTJVEM} Thus I'(Ry) is (p2" — 1) — partite.
Case II: When £ is an odd integer.
We partition Z(Ry)* into the following subsets. Let U; = {3a;¢;} where 1 < ¢ <
rand a; € {0, () (p'E)} for 2< < p'T; Voae, = U\{0} and Vi = Z(Ro)*\U;.

The rest of the proof is similar to Case I above with slight modifications. 0

Proposition 3.2.8 Let Ry = GR(p*", p*), k > 3. Then the
(i) diameter, diam(I'(Ry)) = 2.

oo, p=2k=3r=1;
(ii) girth, gr(T'(Ro)) =

3,  elsewhere.
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(111) binding number,

= G , if k is even;
b(I(Ro)) = P " —pe

if k is odd.

PROOF.
Since Ry = GR(p"",p"*) is of characteristic p* , proof to (i) and (ii) are similar to
Proposition 3.1.3.
(iii) Let €,...,6, € Ry with ¢; = 1, such that &,...,6 € Ry/pRy form a basis
for Ry/pR, regarded as a vector space over its prime subfield F),. Let k be even
and partition Z(Ry)* as done in the proof of Proposition 3.2.7, then by definition

of Vi, N(Vi) = U, Vaiaserw S0 IN(V1)| = p=" = 2 and |Vi| = |Z(Ro)| = |U; Voue,| =

(k=D)r _ 1) — (p57 — 9) = plk=1r _ p57 _ NG| pin2
(p 1)—(p2"—2) =p pa"+ 1. Then b(I'(Ro)) = Fy! = 25—

if k£ is even.

If k is odd, then |N(V4)] = |U, Vaae| = pUZ " =1 and V4] = | Z(Ro)*\ U, Vsa,e,] =

k-1

|Z(Ro)*|=1U; Vaae| = (0* 07 =1) = (p5 7 —1) = p=D7—p(557. Then b(I'(Ry)) =

fo—
Nl ptEr g
)l L O
Vil ple=1)r _p(F3 )T

Corollary 3.2.9 Let Ry = GR(p*", p*) where k > 4. Then,

5 — partite, if k is even;
['p(Ry) =

k41
2

partite, if k is odd.

PRrROOF. Case I: When £ is even.
The vertex set of ['g(Ry) is partitioned into the following subsets Vi = {J'} where
1§l§§and%:{ﬂ}with§<z'§k—1.Foreachi, ViNV, =0 and V; are
mutually disjoint. Moreover V; UUfz_gl{VZ} = V(I'g(Ry)) where V(I'g(Ro)) is the
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vertex set of I'g(Rp). The result follows by counting the disjoint subsets.

Case II: When £ is odd.

The vertex set of T'g(Ry) is partitioned into the following subsets V; = {J'} with
1 <1< L and V; = {J} where 51 < i <k — 1. Then clearly as in case I above,
for each i, V1 NV; = () and V; are mutually disjoint. Moreover V; J Uf:_%{vz} =

V(I'g(Ryp)). The result follows by counting the disjoint subsets.

Corollary 3.2.10 Let Ry = GR(p*", p*) where k > 4. Then the clique number,

%, if k is even;
w(l'ep(Ro)) =

kLl i ks odd.

2
PROOF.

It suffices to find a maximal complete subgraph of I'g(Ry)). Let s be a unit in Ry and
the elements of the vertex set of I'z(Ry)) be of the form p' such that g <[<k-1
when k£ is even and % <[ < k—1 when k is odd. We consider the following cases;
Case I: Let k be even.

We show that I'p(Rp) has a maximal complete subgraph S with vertices {[p's] =
[p']} for % <1 <k — 1. Suppose on the contrary that S is not maximal in I'g(Ry).

Then there exists S C I'g(Rp) so that S C S C I'g((Ry). Without loss of generality,

0<i<%i  ifk iseven;
0<i<®1 if kisodd.

assume that p* € V(S’) where {
2
So there exists some j > i > 0 so that p’.p*~'=7 = p*~1+=J £ () which implies that

S’ is not a complete subgraph, leading to a contradiction.

Case II: When £ is odd:
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By a similar argument as in Case I above, we can show that I'g(Ry) contains a

maximal complete subgraph with vertices {[p's] = [p']}, for 22 <I<k—-1. O
Proposition 3.2.11 Let Ry = GR(p*", p*), k > 4. Then

(i) diameter, diam(I'g(Ry)) = 2.

(ii) girth, gr(T'g(Ry)) = 3.

k=4 e .
=, if k is even;

(111) binding number, b(I'g(Ry)) =
k=5 if k is odd.
PROOF.

Proofs to (i) and (ii) are easy to see.

To prove (iii), we consider the two separate cases when k is even and when k is odd
respectively. By considering partitions in the proof of Corollary 3.2.9 if k is even,
[Vi] = £ while [N(V})| = %2 so that b(g(Ro)) = £2. Finally, when k is odd,
V1| = £ while [N (V;)| = %2 by partition in the proof of same Corollary 3.2.9.

Then b(I'g(Ry)) = Ul — k=5 O

Vi k—1
Proposition 3.2.12 Consider Ry = GR (p"”", p’“) fork>2andr > 1. Then
[Aut (T (Ro))| = Ty (p"07 (p" = 1))!
Proor.
Let €,...,€6. € Ry with ¢ = 1 such that €,...,6 € Ry/Z(Ry) forms a basis for
Ro/Z(Ry) regarded as a vector space over its prime subfield GF'(p). For each prime

integer p, let X = {p,p? ...,p" 1} and Vg, where a; € X be disjoint vertices,

then routine enumeration yields

Aut (T (Rg)) = Iy Syt pr_qy for 2 <1 < k.
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Chapter Summary

The remark and subsequent theorems, summarizes our characterization of the zero

divisor graph, I'(Ry) of the Galois rings established in this chapter.

Remark 3.2.13

(a) The zero divisor graphs of a Galois ring GR(p*", p*) is of infinite girth if the

ring 1s one of the following:
i) GR(p", p).
(i1) Z4.
(iii) Zs.
(iv) Zg.
(b) The zero divisor graph of a Galois ring is triangular if the ring is GR (2%, 2?).

(¢c) The diameter of zero divisor graph of a Galois ring is zero if the ring is Zy.

(d) The diameter of a zero divisor graph of a Galois ring is infinite if the ring is
GR(p", p).

(e) There exists no Galois ring whose zero divisor graph is an n — gon,n > 3.

(f) The binding number b (F(GR(p’", pk))) is infinite if k = 1.
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Theorem 3.2.14 Let Ry = GR (p’”’, pk) . Then,

(

®7 Zf RO = GR(pT, p)a
T Ky, if Ro=GR(p”, p?);
1 0) =
(p(g)" — 1) — partite, if k> 3 is even;
p(k%l)r — partite, if k>3 s odd.
.
0, ifp=2k=2,r=1;
(i) diam (T(Ro)) =<1 ifp=3k=27r=1;

(iii)

(iv)

(v)

gr (I'(Ro)) =

¢

\

(

2, elsewhere .

§
oo, ifp=2k=2,3r=1,

or ifp=3,k=2r=1,

3, elsewhere.
(

(p(g)’” — 1) — partite, if k>3 is even;

P — partite, if k>3 s odd.

$rr_ . .
— 22 if k>3 is even
p(k—l)r_p(j)T+1

k1),
Pz o if k>3 s odd.

plE—Dr_p( g hr?
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Theorem 3.2.15 Let Ry = GR (p’”’, pk) . Then,

K, if char Ry = p?;

K, if char Ry = p?;
(i) Tg(Ry) =

5 — partite, if k> 4 is even ;

% — partite, if k > 4 s odd .

\

(

0, if charRy = p*;

(ii) diam (Ce(Ro)) = 1. if char Ry = p

2, elsewhere .

0o, if charRy=p',i=2,3;
(iii) gr (e(Ro) =

3,  elsewhere.

k—4 if k>4 1is even,
(iv) b(I'p(Ro)) =

k=85 ifk >4 is odd.

%, if k> 4 is even,
(v) w(le(R)) =

L if k> 4 s odd.

(UZ) Aut (F(RO)) - S (k’—l)r(pr_l), 2 S l S k

p
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Chapter 4

A class of finite rings I

Throughout this chapter, R shall denote finite commutative rings with identity as
constructed in Section 4.1 below. The structure of the groups of units of these rings
are known ( see [24]). In this chapter, we verify some of the algebraic properties
of R and further, identify and investigate the invariant properties of the graphs of

their zero divisors.

4.1 Construction 1

Let Ry be the Galois ring of the form GR (p’", pk) where p is a prime integer and
k and r are positive integers. For each i = 1,....h let w; € Z(R) and U be
an h-dimensional Rg-module generated by {ui,...,us}. Then R = Ry @ U is an

additive group. On this group, define multiplication by the following relation;
(i) If k =1,2, then pu; = wu; = uju; =0, wirg = (r9)”" u; and

(ii) If k >3, then p*~tu; = 0, wiuy = pyy, wf =i 'uy = wuj ™' = 0;
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u;ro = (r9)”" u;, where ro,7;; € Ro, 1 <14,5 < h and o; is the automorphism
associated with u;. Further, let the generators {u;} for U satisfy the additional

condition that if u; € U, then pu; = wu; = 0.

By this multiplication on R, it is easy to see that if ro+ X" \u; and

So + Elefyiui, where 719, so € Ry, 7, \i € Fy = Ro/pRy are elements of R, then

(ro + B i) (s0 + B i) = roso + Sy ((ro + pRo) % + Ai (50 + pRo)™) w;.
We verify that this multiplication makes R a ring with the identity element equal
to (1,0,...,0).

Let ro + X" \u; € R with g € Ry and \; € Fy = Ry/pRy, then we need to find
so + XM viu; with sg € Ry and v; € Fy such that

(ro + B i) (s0+ B viws) = (s0+ Zviws) (ro + Sy hiw) = ro + S A,
Now if 7959 + 30, (1o + pRo) Vi + i (80 + pRo)”") u; = ro+ L \iwg, then rosg = 79
and X% | ((ro + pRo) Vi + i (80 + pRo)”) us = X M. So ((ro + pRo)vi)u; = Og,
and sg = 1g, for each ¢ =1,... h. Since u; # 0, (ro + pRo)yi = 0p,. But 79 € Ry,
so v = Op, for each i = 1,... h. Thus sg + X yu; = (1,0,...,0). Similarly,
we can show that (so + X0 vu)(ro + X \uw;) = 1o + S0 \w; implies that
so + X viu; = (1,0,...,0).

Now, we prove that multiplication is associative. Suppose ry, Sg, to € Ry and
Ais Vi ki € Fy, let rg + Z?:l)\iui, So + Zﬁzlwui, to + E?Zlfiiui € R. Then

(ro + By Au) ((s0 + By yiws) (to + iy ki)

= (1o + Sy \us) (soto + By ((s0 + pRo) ki + ilto + pRo)” Jui)

= rosoto + -1 ((ro + pRo)((s0 + pRo)ki + 7i(to + pRo)™) + Ai(soto + pRo)”* )us

= roSoto + E?:l((T[)SO + pRo)m + ((7”0 + pRo)% + )\i(SQ + pRo)Ui)(to + pRo)‘”)ui
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= (ros0 + X1 ((ro + pRo)vi + Xi(s0 + pRo)7)us) (to + Xiy ki)

= ((ro + Bl hiwg) (s0 + Byyiw)) (o + i kiwy).

Moreover,

(ro + X2y Aiwa) ((s0 + By viws) + (to + Sl ki)

= (ro + 2P \iwg) (so + to + 20 (15 + Ka)ug)

= 1o(s0 + to) + X7, ((ro +pRo) (i + #i) + Ai((s0 + to + pRo) 7 u;

= 7080+ 2= ((ro+pRo)vi+Ai(s0+pRo) ™) +roto+ Xy (ro+pRo) i+ Ni(to+pRo) ™)
= (ro + 3" iwy) (so + S viwg) + (ro + 3P Niwg) (to + X ksu,), which shows that
the left distributive law holds in R. Similarly, we can show that,

((ro + Bl Niwg) + (s0 + By yiug) ) (to + Bl ki)

= (ro + B wy) (to + 21 mwy) + (s0 + S vius) (to + B0, kiuy), so that the right
distributive law also holds. Clearly R is a ring with identity.

We now discuss some properties of R.
Lemma 4.1.1 R is commutative if and only if o; = idg,, the identity automor-
phism, for all 1 =1,..., h.

PROOF.
If 0; = idg,, then commutativity of R follows from the definition of multiplication.
Conversely, suppose R is commutative. Then for each ag, by € Ry, o, B; € Ro/pRy,
we have that (ao + E?zlaiui) (bo + Z?zlﬁiui) = (bo + Z?zlﬁiui) (ao + E?zlaiui) )

This implies that,
apbo+21 1 [(ao + pRo) Bi + i (bo + pRo)” i = boag+21; [(bo + pRo) ci + Bi (ag + pRo) "] .
Commutativity of R then implies that agby = bgag which requires that,

2?:1 [(CLQ + pRo) 67, + «; (bo -+ pRo)Ui] U; = 2?21 [(bg + pRo) o; + 51 (CLO + pRo)Ui} ;.
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Which further implies that «; (by + pRo)”* —(bo + pRo) ; = B; (ap + pRo)”* —(ag + pRo) b;.
Since «; # [;, then for the equality to hold then «; must be the identity in Ry, i. e.

0; =1dg,, forall i=1,... h. O

Proposition 4.1.2 If k =1 or 2, then R is a ring in which the multiplication of

any two zero divisors is zero, that is (Z(R))* = (0).

PROOF.

Follows from the definition of multiplication on R. U

Remark 4.1.3 Such rings with property of Proposition 4.1.2 are well known to be

completely primary finite rings (See Alkhamees [3]).

4.2 Rings of characteristic p

Let Ry = GF(p") and F = Ry/pRy so that U = F" is an Ry-module generated by
U, Usg, . . ., up. On the additive group R = Ry @ U = Ry ® F", define multiplication
on R as follows:

(ro, 71, -, 7h) (S0, 81, - - -, Sn) = (r0S0, T0S1 + 7150, - - - s, T0SK + T'hS0)-

This multiplication turns R into a ring with identity (1,0, ...,0).

Proposition 4.2.1 If in the Construction I, R is a ring of characteristic p, then
(i) IN(R)| =p™ — 1.
(ii) T'(R) is complete.

(iii) T(R) = Kyrn_q.

() diam(I'(R)) = 1.
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oo, if r=1, h=1 and p=2, 3;

(v) gr(U(R)) =

3,  elsewhere.

(vi) The binding number b(I'(R)) = oc.

PROOF.

(i)

(iii)

By the above construction, we have that Ry = GF(p") and F = Ry/pRy. Let
U = F" be an Ry-module generated by uy, ..., u, so that R = Ry @ U is an
additive group. It is clear that Z(R) = Rou; @& Rous @ - - - ® Rouy, and every
non zero element in Z(R) is of the form (0,7r1,79,...,7,). We show that any
element not contained in Z(R) is invertible. So let (rg,r1,79,...,7) ¢ Z(R).
Choose an element say (s, s1, S2, - .., Sn) ¢ Z(R) such that

(ro, 71,72, -« -, 7h) (S0, S1, S2, - - -, Sp) = (1,0,0,...,0). This implies that

2

rosg = 1, thus sg = 7‘0_1 and rys; + ;50 = 0, which implies that s; = —r;ry

for 1 < ¢ < h. Since this holds in the reverse order, we have established that

-1

T0,7T1,72,.-.,Th =(rg ,—rirg ", —T2Tg ", ..., =TTy ).
( ) (rg" ? ? %)

Since |R| = |Ro||U| = p".p"" = p"*V so that |Z(R)| = p™ and V (I'(R)) =

Z(R) — {0}, then |T(R)| = p™ — 1 which establishes (i).

To establish this, note that the product of every pair (0,71,79,...,73),
(0,51, S2,...,5,) € Z(R) — {0} is equal to zero so that every pair of vertices

in V (I'(R)) are adjacent. Hence I'(R) is complete.

This follows from (i) and (ii).
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(iv) Follows from (ii) and (iii).
Alternatively, note that diam(I'(R)) = Sup{d(z,y)|z,y € T'(R)}. Since V (I'(R)) =
Z(R)—{0} and for all distinct z,y € Z(R)—{0},xy = 0, I'(R) is complete (see
Definition 1.9.12 ), hence d(z,y) = 1. So Sup{d(z,y)} =1 for all z,y € T'(R)

which implies that diam(I'(R)) = 1.

(v) This follows from (iii).
Alternatively we note that I'(R) = K,_, is complete. Then whenr =1, h =
land p = 2 or 3 then (p"* — 1) < 2. So gr(I'(R)) = co. Otherwise, for all
(p™—1) > 2 we have by Diestel [18] that gr(I'(R)) = 2 diam(T'(R))+ 1. Since

diam(I'(R)) = 1, the result readily follows.

(vi) Since the set S of minimal degree in I'(R)) is empty, b(I'(R)) = oc.

4.3 Rings of characteristic p’

Let Ry = GR(p*, p?) and F = Ry/pRy so that U = F" is an Ry-module generated
by 1, Us, . . ., up, on the additive group R = Ry®@U = Ry® F". Define multiplication
as follows: (T07F17 e ,F}J(Sg,gl, e ,Eh) = (7”080, T0S1 + 7180, ...7T0Sh + ?hs())‘

This multiplication turns R into a ring with identity (1,0,...,0).

Proposition 4.3.1 Let R be the ring of Construction I whose charR = p*. Then

the following hold:
(i) ID(R)| = p"+Dr —1.
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(ii) T'(R) is complete.
(iii) T(R) = K or_y.
() diam((I'(R))) = 1.

oo, ifr=1, h=0o0r1landp=2 or3;
(v) gr(D(R)) =

3,  elsewhere.

(vi) The binding number b(I'(R)) = oc.
PROOF.

(i) By the construction, z € Z(R)—{0} if and only if  is of the form (0,7, 73,...,77).
Now let x = (rg,71,72,...,7r) € Z(R) be an element in R, then x is invert-

Vs (s0,31,...,55) such that sy = ;' and 5; = —7;r; 2 for

ible and indeed x~
1 <i<h. Since |R| = |Ro||U| = p*.p" = p"*+2 Thus | Z(R)| = p"*V" and

['(R) = Z(R) — {0}, then |T(R)| = ph+br — 1.

(ii) For all z,y € Z(R) — {0}, zy = 0. Then as in proof of part (ii) of Proposition

4.2.1, T'(R) is complete.
(iii) This also follows from (i) and (ii), i.e I'(R) = K@+ ;.

(iv) It is clear that for all x,y € I'(R), d(z,y) = 1. So Sup{d(z,y)} = 1 for all

z,y € I'(R). Therefore the result is immediate.

(v) When r =1, h = 0 and p = 2 or 3 then I'(R) = K, is complete. Since
n = (p*+Yr — 1) <2, T'(R) has no circles. So gr(I'(R)) = oo. Otherwise, for
all v, b > 1, n = (p*Y7 — 1) > 2. So the completeness of I'(R) implies that
gr(I'(R)) = 2diam(I'(R)) + 1 = 3, since diam(I'(R)) = 1.
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(vi) Similar to Proposition 4.2.1.
U

Corollary 4.3.2 Let R be a ring in Construction I satisfying (Z(R))*> = (0). The

graph T'(R) is triangular if R is either of the following.
(i) Zo & Lo @ Zs.
(ii) Fy ®Fy.

(iii) Ly © L.

PROOF.
A zero divisor graph is triangular if I'(R) = Kj3. Let R be a ring described by
Construction I with char(R) = p or p?, then I'(R) = Kyir—y or T'(R) = K n+r_4
respectively. It suffices to find values of p,r and h for which p —1 or p*+br —1
equals 3. Now let R be of characteristic p = 2. Then (i) holds for » =1 and h = 2.
(ii) holds when r = 2, h = 1. When R is of characteristic p?, then T'(R) is clearly

triangular in case (iii), when r =1, h = 1. O

4.4 Rings of characteristic p*, k>3

Lemma 4.4.1 Let Ry = GR(p*, p*), k>3 and R = Ry® Ry/pRo® - - - ® Ry/pRy.
Then, Z(R) = pRo® Ro/pRo®---® Ro/pRy and ann(Z(R)) = p" ' Ro® Ro/pRo ®

-+ @ Ro/pRy for n > 2.

PROOF.
Let z € ann(Z(R)), then x € R, so that Z(R)x = zZ(R) = (0). So let
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x=(ro,71,...,7) € Z(R) and u = (pso, S1,...,5,) € Z(R). Now

xu = (19,71, -, 7r)(PSo, 51, - - -, 8n) = (Topso, T0S1 + T1PSo, - - -, T0SK + FrPSo)

= (psoro, pSoT1 + 5170, - - - , PSoTh + 5p10) = ux = (0,0, ...,0).

Thus ropso = psero = 0, implies that sgrg € p" ' Ry.

Since sy € Ry, then 79 € p" ' Ry. Moreover, 195, + mpsg = - -+ = 195, + Thpso = 0.
For each i =1,...,h, 105; + 7;psy = 0. This implies that, ry5; + 7;psy € pRy. Since
ro € P" 'Ry, 5; € Ro/pRy, then 15; € pRy and 7;psy € pRy so that 7; € Ry/pRy.
This shows that z = (19, 71,...,74) € pP" ' Ro® Ry/pRo®- - - ® Ry/pRy which implies
that ann(Z(R)) C p" 'Ry ® Ro/pRy ® - -- ® Ry/pRo.

Conversely, let x € p" *Ry® Ry/pRo®- - -® Ry/pRy. Notice that Z(R)" ! = p" 'R,
so that (p" 'Ry @ Ry/pRo® -+ ® Ro/pRo)Z(R) = Z(R)(p" 'Ry ® Ry/pRo ® - -+ ®
Ro/pRy) = (Z(R))™ = (0), hence p" 'Ry ® Ro/pRoy ® - -+ ® Ry/pRo C ann(Z(R)).

O

Lemma 4.4.2 Let Ry = GR(p*, p*), k >3 and let R = Ry ® Ry/pRy ® -+ ®
Ro/pRy. Then,
Z(R) = pRy®Ry/pRo®- - -®Ro/pRy, ann(Z(R)) = p" 'Ro® Ry /pRo®- - -® Roy/pRo

and (Z(R))" ' = p" 'Ry. Moreover, when

(i) x € ann(Z(R)), then deg(x) = | Z(R) | — 2.

(ii) y € Z(R) but y ¢ ann(Z(R)), then deg(y) = | ann(Z(R)) | — 1.
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PROOF.

(i) Clearly |ann(Z(R))| = p"*'. Now since z is adjacent to all the other vertices

except 0 and itself, we have deg(z) = |Z(R)| — 2.

(ii) Let y € Z(R) but y ¢ ann(Z(R)). Suppose z ¢ ann(Z(R)), we claim that
z is not adjacent to y. Suppose it is, then zy = 0. Now z is of the form
(1 + p"“lro,71,...,7) and y is of the form (pso,5y,...,5,) so that (1 +
P o, 1, TR)(PS0, 81, - - -5 50) = (PSo, 81, .- .,5) # (0,0,...,0), a contra-

diction and we are done.

O

Proposition 4.4.3 Let R be a ring in Construction I. If k > 3, then R is in the

class of completely primary finite rings of characteristic p* satisfying;
(i) Z(R) = pRy & U.

(i) (Z(R))*" = p*'Rq.

(iii) (Z(R))" = (0).

PROOF.
It is well known that Ry is a coefficient subring of R with same identity element and
of same characteristic. To show that Z(R) = pRy @ U, we prove that all elements
which lie outside Z(R) are invertible. Consider b € Ry such that b ¢ pRy and
t € Z(R). Then, (b+t)" =W +t,, where t; € Z(R). But b +t; = b + t,, where

ty € Z(R). Now, (b+t2)" ' = 1+t5, where t; € Z(R), and (1 +15)" = 1.

pk—l

(e pr_l
So (((b—l—t)p ) ) = 1, which shows that b + ¢ has an inverse. Further,
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Z(R)] = p"= and | (Ro/pRo)" + Z(R)| = (¢ — 1) (p"-7) , so that
(Ro/pRo)* + Z(R) = R— Z(R), which shows that all the elements which lie outside
Z(R) are invertible. The multiplication on R yields that (Z(R))"' = p*'R, and
Z(R) (1" Ro) = (' Ro) Z(R) = (0). Thus (Z(R))* = (0).

Since RZ(R) = Z(R) C Z(R), the set Z(R) is an ideal. Its uniqueness and maxi-
mality follows from the fact that any other ideal distinct from Z(R) contains a unit

and is therefore the whole ring R. OJ

Proposition 4.4.4 Let Ry be a Galois ring of the form GR(p*, p*), k > 3 and
U =" ®(Ry/pRo)" considered as an h—dimensional Ry—module. On the additive
group R = Ry ® U, define multiplication by

(ro, 715+, 70)(S0, S1 - - -, Sn) = (T0S0, T0S1 + T1S0, - - -, T0SK + ThS0)-

k
Etn - - .
p2 — partite, k is even ;

Then T'(R) =
p%ﬂl — partite, k is odd.

PROOF.

Case I: k is an even integer. Partition Z(R)* into the following subsets.

Vitrsor = ZEN{ (05,1, ) where 1< <ps —1}.

NES

Viirio, rh):{(j(p ),rl,...,rh)} where 1§j§p§—1.

Viorr,rn) = 100,71, ..., 7)) for at least one r; # 0 and for 1 <4 < h.
Clearly all the above defined sets are nonempty and each set contains nonadjacent
vertices. Thus, Viir o) O Vi) =0 Vi) N Vior,mn) =0

777777 =0 forall j#£1, 1<j, 1 <pr—1.

k_
Finally observe that Z(R)* = Vi1, U <U§21 1{\/(j,r1 ,,,,, rh)}) U Vior,...m)- Now,

Y

5 E
U?il 1{‘/(]',7‘1 ,,,,, rh)} = <p2 - 1) ph and |‘/(O,T‘1 ..... rh)l = ph -1 Thena

‘/(1#1 ----- 1)
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5 k k
‘/(1,7‘1 ..... Th) U (U§21 1{‘/(j,T1 77777 Th)}) U ‘/(077,1 77777 ) | = 1+ (p2 — ]_) ph —|—ph — 1= p2+h.
Thus T'(R)is p2™ — partite if k is even.
Case II: k is an odd integer.

Partition Z(R)* into the following subsets.

k+1

Vs = ZERN{ (G = D)7, ra) where 2 < j < p'F )
Vi) = {((] —D)(p ), ,rh)} where 2<j<p's.
Vi) = 10,71, ...,rp)} for at least one r; # 0 and for 1 <i < h.
These sets are nonempty and each set contains nonadjacent vertices.
That is, Vi) O Vi) =95 Vi) 0 Vi) = 0, and
,,,,,, my =0 forall j#1, 2<4,1< p'T . Moreover,

ko1
Z(R>* = ‘/(1,7‘1 ..... Th) U (Ug—Q {‘/(j,rl ,,,,, rh)}) U Vv((),'rl ..... Th)* NOW; ‘/(1,7“1 ..... Th)

k=1

k—1
U?:; {‘/(jml ..... rh)} - ph (pT - 1) and ‘/(O,rl ..... I ph -1 ThUS,

k—142h

= 1—|-ph <pT —1)—|—ph—1 =p 2

’LEJ
‘/(1,7‘1 ,,,,, Th)U (U§:2 {‘/(jﬂ‘l ..... Th)}> U‘/(O,Tl ..... Th)

kE—142h

Therefore I'(R)is p =z — partite if k& is odd. O

Example 4.4.5 Let Ry be a Galois ring of the form GR(p*, p*), k> 3 and U =
S @ (Ro/pRy) considered as an h — dimensional Ry — module

On the additive group R = Ry @ U, define multiplication by

(ro, 71, -, 7h) (S0, 81, - - -, Sn) = (T0S0, T0S1 + T150, - - - T0SK + T'hS0)-
psth — partite,  k is even ;

Then I'(R) =
p T th — partite, k is odd.

Choose Ry = Zag, h=1, p=2, k=4. Then R = Z1s ® Z16/2%16 and Z(R)* =
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Now V(O,l) = {(Ov I)}> V(l,h) = {(2a 6)? (27 I)v (6’ O)? (67 T)» (107 [_))7 (1Oa i)a (147 (_))a (147 D}a

Vo ={(4,0)}, Vi = {4 D}, Vieo) = {(8,0)}, Vi) = {(8, D},

Visoy = {(12,0)} and Viz1y = {(12, 1)}

Clearly, each pair of sets is disjoint and each set contains nonadjacent vertices.
Then Vi) U Vo) UV U Vize) U Vien U Ve UV UV = Z(R)". So
['(R) is 8 — partite (See Figure 4.1), with diam(T'(R)) = 2,

gr(T(R)) =3 and b(T(R)) =1

_ (2,0)

(8,0) (2,1)

(6,0)

(0,1) b
’ (10,0)
) (10,1)
(8,1) (14,0)
(14,1)

Figure 4.1: The zero divisor graph of Zis ® Z15/2Z1¢

Example 4.4.6 Choose Ry =7Zg; h=1, p=2, k= 3. Then,

R=7s®7Zsg/2Zs and Z(R)* ={(2,0),(2,1),(4,0),(4,1),(6,0),(6,1),(0,1)}. Now
Vier) = {(2,0),(2,1),(6,0), (6, 1)}, Viz) = {(4,0)}, Vien) = {(4, 1)} and Vion) =
{(0,)}.

Notice that each pair of sets is disjoint , and each set contains nonadjacent vertices.

V(lﬂd) U V(2,0) U V(2,1) U V(071) = Z(R)*.

Thus T'(R) is 4 — partite (See Figure 4.2), with diam(I'(R)) = 2,
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gr(I'(R)) = 3 and

Figure 4.2: The zero divisor graph of Zg @ Zs /275

Proposition 4.4.7 Let Ry be the Galois ring of the form GR(p*", p*), where p is a
prime integer and k and r are positive integers. For eachi=1,...h, let u; € Z(R)
such that U is an h-dimensional Ro-module generated by {u;,...,up} so that

R = Ry®U 1is an additive group. On this group, define multiplication by the following

relations;
(1) If k=1,2, then pu; = wu; = uju; = 0; w;rg = rou;.

(i) If k>3, then p*~tu; = 0, uu; = pPvij, uf = uf‘luj = uiu;?_l =0, uiro = ToU;
where 19,7 € Ry, 1 <1,7 < h. In addition, if u is restricted to U then the

order of u s p.

P — partite, if k is even;
Then T'(R) =
pEEIT — partite, if k is odd.
PROOF.

Let Ai,..., A\, € Ry with \; = 1 such that \i,...,\, € Ry/pRy form a basis for
Ry/pRy regarded as a vector space over its prime subfield F),. Since the two cases
do not overlap, we treat them in turn.
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Casel: k is an even integer:

Let X, = {&7_ a:\i + 2" Au} where a; € {0,j(p2)} and 1 < j < p% — 1. Then
Z(R)* is partitioned into the following mutually disjoint subsets

Veanmaau, = Xis\{0}, Vi = Z(R)"\ U, {Vsani+5nu. }-

These subsets are clearly nonempty and each contains nonadjacent vertices.
Moreover, Z(R)* = Vi {Ui,s{Vzaw\#msus}} .

Now | U; AVeainitonau b | = P&t — 1 and | Vi | = 1. So Z(R)* = p(3™" which
implies that T'(R) is p(§+h)r — partite if k is even.

Case II: k is an odd integer.

Let Xiy = {7 a:\ + 3" Ay} where a; € {0,(j — 1)p'2 }and 2 < j < p'z .
Then Z(R)* is partitioned into the following mutually disjoint subsets,

Vsan+saa, = Xis\{0}, Vi =Z(R)\U, ; {Vsar+srut-

The subsets are nonempty and each contains nonadjacent vertices. So

— p(%Jrh)r -1

Y

2R = ViU {Us0anmnad |- Now | U, (Vs isna}

k—142h

Vil = 1. 8o [Z(R)*] = Vil +| U {Vean+mru} | =p" 27" showing that T(R)

k—142h
2

is pl ) — partite if k is odd. 0

Corollary 4.4.8 Let R be the ring in Construction I described in Proposition 4.4.7
and let k > 3 then;
(i) diam(I'(R)) = 2.

(i) gr(L(R)) = 3.

p(%+h)T_1

7 k is even;
p(k—1+h)r,p(§+h>r’ f ’

(i) b(U(R)) =

(Bt tmyr_ , .
5 (k_11+h) , if K is odd.
pls—1+m)r _p (S5 )T
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PROOF.

(i) The annihilator, anng,/pr,(Z(R)) = Z(R)¥"' & U. So the zero divisor of the

Lro + 3 \u; is adjacent to every other nonzero zero divisor. Mean-

form pF-
while, when [+t # 0(mod k), 79, so € Ro, then zero divisors of the form

plro+ 3P Ny and plsg+ 30 Mal are non adjacent. Thus diam(I'(R)) = 2.

(ii) The order of anng,/pr,(Z(R)) = p"*V7. So every zero divisor graph of R
contains a complete subgraph, K, u+1).. The in variants reveal that the least

polygon in I'(R) is K3 and so the result follows.

(iii) Let k be an even integer and partition of Z(R)* be as in proof of
Proposition 4.4.7. Then V; = Z(R)*\ Ui78{V2ai)\i+2/\sus}, and
N(V1) = U, {Vean, + BAsug} leading to [N (V)| = p+0r — 1.

Since [Vi| = |Z(R)*| ~ | Uy, (Vs }| = p 5497 — 1 (p340r 1)

= plk=1+h)r _ 55+ the vesult follows immediately.

If k is odd, then [N(V3)| = | U, . {Vsan+ma } = pF 27 — 1, and

Vil = |Z(R)* — Xis| = |Z(R)*| — | X, 4| = p-tHhr — 1 — <p(%+h)r _ 1)

k—1

k—1 ( +h)r _

k—1+h)r 7T Th)r Hence — p 2 k—ll )
[ V1l p(k—1+h)r7p(T+h)T

Proposition 4.4.9 Let R be a ring in the Construction I. Then

g — partite, if k is even;

I'p(R) =
k—;l — partite, if k is odd.

PRrooOF.
If Kk =1or2, then 'y (R) is 1 - partite, so the result trivially holds. For k& > 3,
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we consider the following cases.

Case I: k is even.

Let Ji = Ji®U,i € N. Then the vertex set of I'g(R) is partitioned into the following
subsets; V; = {J!} for 1 <1< EFand V; = {J7} where ¥ < j <k —1. For each
7,ViNV; = 0 and V; are mutually disjoint. Moreover V} U{Uf;éﬂvj} = I's(R).
The result follows by counting the disjoint subsets.

Case II: k is odd.

The set of vertices of I'z(R) are partitioned into the following subsets; V; = {J!}
for 1 <l<®landV,; = {Ji} for k-l < j <k —1. Then clearly as in Case I above,
for each j, V1NV, = () and V; are mutually disjoint. Moreover, V; U{Uj’1 Vi} =

_ k-1
=5 1

I'g(R). The result follows by counting the disjoint subsets. OJ

Chapter Summary

In the sequel, the remarks and subsequent propositions summarize the character-
ization of the zero divisor graphs of completely primary finite rings given in the

Construction I.

Remark 4.4.10 Our results show that if R is a commutative ring in the

Construction I, then its Jacobson radical J(R) is equal to its subset of zero divi-
sors, Z(R). Thus Z(R) is a nilpotent ideal implies that if R is not a field, then
ann(Z(R)) # (0). Moreover, element of ann(Z(R)*) are adjacent vertices in the

graph T'(R).
Remark 4.4.11 Let Ry and Ry be commutative rings in Construction I, then
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[(Ry) 2 T'(Ry) does not imply that Ry = Ry. For instance, if Ry = Zo @ Zo @ Zs

and Ry = Zy ® Zo, then T'(Ry) and T'(Ry) are triangular, while Ry 2 R.

Proposition 4.4.12 There exist three non-isomorphic commutative rings in Con-

struction I whose zero divisor graphs are triangular.

PRrROOF.

See Corollary 4.3.2 0

Proposition 4.4.13 There exists no ring in Construction I whose zero divisor

graph, T'(R) is an n — gon, n > 3.

PROOF.
Suppose R is not a field and the cardinality of the vertices of nonzero zero divisors,
|[V(I'(R))| > 3. Since Z(R) is a nilpotent ideal, ann(Z(R)) # (0). Consider
0 # a € ann(Z(R)), then a is adjacent to every other b € V(I'(R)). This completes

the proof. 0

Proposition 4.4.14 Let R be a commutative ring in Construction 1. Then

diam (I'(R)) =0, 1 or 2.

ProoF.
If R=Zy® Zsy, then |Z(R)*| =1; So diam (I'(R)) = 0.
Let charR = p or p?, then I'(R) is complete so that diam(I'(R)) = 1 (with the
exception of the case when p =2 and h =1).
For all the other commutative rings considered under this construction,
diam (I'(R)) = 2 because 0 # a € ann (Z(R)) is adjacent to every other element in
Z(R)* and the proof is similar to part (i) of Corollary 4.4.8. O
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Proposition 4.4.15 Let R be a commutative ring in Construction I. Then the girth

gr (T'(R)) = 0o if R is one of the following rings.

PROOF.
In case (i), there exists only one non zero divisor, that is (0, 1).

In case (ii), there exists two nonzero zero divisors, (0,1) and (0, 2). O

Theorem 4.4.16 Let R be a commutative ring that is not a field, described by

Construction 1. Then,

(
_[(p'rh_l7 ka - ]-7
- Ky, if k=2
(1) T(R)=
PG — partite, if k>4 is even;
(5290 partite,  if k>3 is odd.
(

0, ifp=2 h=1;

(ii) diam (T(R))

I
—_

if k=1, 2;

2, elsewhere.

oo, ifr=1, h=1,andp =2, 3;
(iii) gr(D(R)) =

3,  elsewhere.
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p<§+h>r_1

k > 4 and even;

p(k71+h)r_p(%+h)7‘ ’

. k=1,
() b(I'(R)) = pz o k>3 and odd;

p(kflJrh)r_p(k‘E*l‘Fh)’"’

00, k=1,2.
\

PROOF.

Follows from Propositions 4.2.1, 4.3.1, 4.4.4, 4.4.7 and Corollary 4.4.8.

Theorem 4.4.17 Let R be a ring in the Construction 1. Then

g — partite, if ks even;

I'eg (R) =

% — partite, if k s odd.
PRrRoOOF.

Follows from Proposition 4.4.9 .
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Chapter 5

A class of finite rings 11

Let r be a positive integer and 2 < k € Z.. Let GR(p*", p*) be a Galois ring
of order p*" and characteristic p*. Consider R = GR(p*", p*¥) ® U where U is a
finitely generated GR(p*", p¥)- module. The structure of unit groups of R have
been extensively studied ( See [24] ). The set, Z(R) of zero divisors of R satisfy the
condition (Z(R))? C GR(p*", p*) and R is well known ( See [16] )to be completely
primary finite ring. In this chapter, the structure of zero divisors graphs of R have

been investigated.

5.1 Construction II

Let r and k be a positive integers with k& > 2. Let Ry = GR(p*", p*) be a Galois
ring. For each ¢ = 1,... h, let w; € Z(R) such that U is an h— dimensional R,
module so that R = Ry®U is an additive Abelian group. On R define multiplication
as follows;

For 1y, sp € Ry, o, w;, )\ij S Ro/pR() and o; € Aut(Ro),
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let (ro + Z?:loziui) (so + E?:lwiui)
= 150+ " 18N Ay (i(w;)7 + pRo) + X1, [(ro + pRo)w; + ai(so + pRo)”*] u;. We
verify that this multiplication turns R into a ring with identity (1,0,0,...,0). Since
Ry @ U is an additive Abelian group, we show that it is a multiplicative semigroup
in which multiplication distributes over addition.
Now, (10 + XA\u;) ((so + Xviug) (to + ki)
= (1o + BAw;) (soto + P"TEBi5 (v (k5)7 + pRo) + X [(s0 + pRo) ki + i (to + pRo)”" ;)
= rosoto+rop* ' L85 (Vi (k;)7 + pRo)+% (ro + pRo) ((s0 + pRo) ki + i (to + pRo) ™)+
i (Soto + " IS8 (i (k) 7) + PRO)Ui U;
= rosoto + rop" X85 (i (k)7 + pRo) +
(2 (roso + pRo) ki + ((ro + pRo) Vi + Ai (so + pRo)) + " *E8i5 (i (k)7 + pRo)” (to + pRo)™) wi
= ((roso + P*"SeiNi (v7)7 + pRo) + ((ro + pRo) i + Ai (0 + pRo)™")) ;i (to + Xk;)
( where ¢;; = rotofi;)
= ((ro + XNiu;) (so + Xviug)) (to + Zkiuy) -
Next,
(ro + XAsui) ((so + Xyiug) + (to + Xrksui)) = (ro + XAws) ((so + to) + X (i + ki) wi)
= 70 (80 + t0)+P" 8B (N (5 + £5)7 + B ((ro + pRo) (Vi + ki) + Ai (s0 + to) + pRo)™) us
= roSo + p" 186 (N (47)7 + B (ro + pRo) vi + Ai (S0 + pRo)”") wi + roto
+ p* 18855 (Ni (55)7 4+ B (ro + pRo) ki + Ni (to + pRo)™)
= (ro + XNiu;) (S0 + Xviug) + (ro + Xhug) (to + ki) -

Similarly it can be shown that
((ro + ZXw;) + (so + 2viw;)) (to + Xriug) = (1o + 2Nug) (Lo + Lkaw;)+ (S0 + Lysug) (to + Xkiu;) -

Now, suppose ((ro + Xayu;) (so + XA\w;)) = ro + Xayu;. Then
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roso + PP 186 (o (N)7 + pRo) = 1o and (rg + pRo) i + i (S0 + pRo)” = a4 So
(ro + pRo) Ai = 0 implies that \; = 0 and (sg 4+ pRy)”" = 1. Since o; is an auto-
morphism sy + pRy = 1 + pRy which means that s L€ pRy so that sg is a unit in

Ry. Clearly roso = 1o means that sy = 1.

Lemma 5.1.1 Let R be a ring in Construction II. R is commutative if and only if

0; = idg,, (the identity automorphism) for everyi=1,... h.

PROOF.
If 0; = idp,, then commutativity of R follows from the definition of multiplication.
Conversely, let R be commutative. Then for each ag, by € R, «;, 5; € Ro/pRo,
(ap + Bau;) (bo + XBui) = (bo + Xfu;) (ap + Xayu;) . This implies that  agby +
PPEB; (ai ()™ + pRo) + X ((ao + pRo) Bi + ai (bo + pRo)™) us
= boag + PS8y (bi (a;)” + pRo) + = ((bo + pRo) i + B; (ao + pRo)°*) u; which

impies that o; = idp,. 0J
Proposition 5.1.2 Let k = 2, then R is a completely primary finite ring of char-
acteristic p? satisfying:
(i) Z(R) = pRy @ U.
(ii) (Z (R))* = pRo.
(iii) (Z (R))" = (0).

PROOF.

Similar to the proof of Proposition 4.4.3 with some slight modification.
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Proposition 5.1.3 Let Ry = GR (p*", p?) be a Galois ring. For eachi=1,...,h,

let u; € Z(R) such that U is an h — dimensional Ry module so that R = Ry ® U is

an additive Abelian group. On R, define multiplication as follows:

(1o + Layu;) (o + Bwiw;) = 19So+pEN;j (o (w;)”" + pRo)+X! [(ro + pRo) wi + a; (s + pRo) 7] w;
where 1o, 50 € GR (p*", p*), i, wi, Nij € Ro/pRo and o; € Aut (Ry). The graph of

R, T'(R), satisfies the following:
(i) | (T (R)) |=pt*r —1.
(i1) diam (I' (R)) = 2.

oo, r=1h=1p=2;
(i) gr (I'(R)) =

3, elsewhere.

(iv) The binding number, b (T (R)) r-l

= pFDr—pr
PROOF.

(i) Clearly Z (R) = pRy @ U. Since Z (R) is a maximal ideal of R, the quotient
R/Z (R)is afield of order p". Now consider 0 # a € R/Z (R) then, (R/Z(R))" =
< a > and o(a) = p" — 1. This shows that each element which does not belong

to Z (R) has an inverse. Thus | Z (R) | = p*V7 and | Z (R)* | = pi*17 — 1.

(ii) The annihilator, ann (Z (R)) = pRy. Now, let © ¢ pR,, then there exists
y € Z (R)" such that zy € pRy. But xyz = 0, where 2z € ann (Z (R)) = pR,.

So diam (I' (R)) = 2.

(iii) If r=1,p=2,h =1, then Z (R)* = {(0,1),(2,0), (2,1)}. In this case I (R) is
a bipartite graph, since (2,0) is adjacent to the other two vertices while (0, 1)
and (2,1) are non adjacent. Elsewhere, | (ann (Z (R)))"|=p" > 2.
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Now, let z,y € (ann(Z (R)))", then x and y are adjacent. Moreover, any

z € Z (R)" is adjacent to z and y. This completes the proof.

(iv) Consider N(S) = ann (Z(R))" = pRo\{0}. So | N(S) |=p" — 1. Now, S =

V(D (R)\N (S), so that | S| = p®*V" —1 — (pr —1). Thus b(I'(R)) =

p(%)r — partite, if k is even ;
p(Tl)r — partite, if k is odd .
PROOF.
Consider Aj,..., A\, € Ry with A\; = 1 such that A,..., A\, € Ro/pRy form a basis
for Ry/pRy regarded as a vector space over its prime subfield F,. Since the two cases
do not overlap, we treat them in turn.
Case I: k is an even integer.
Let X = {Z;”:lai)\i}, a; € {O,j (p§> } 1< < pg —1. Then, Z(R)* is partitioned
into the following subsets;
U Vsian = X0}, Vi = Z(R)\U Veain, and Z(R)* = ViU (U Veiain)-

The subsets are nonempty, mutually disjoint and contain nonadjacent vertices.

Moreover, | |J Va0, = p<§)r — 1 so that I' (R) is p<§)r— partite.

Case II: k is an odd integer.

Let X = {Egai)\i}, a; € {0,(]’ — 1)p%} ,2 < j < p'7. Partition Z (R)" into
the following mutually disjoint subsets; |J V5,0, = X\{0}, Vi = Z(R)*\ U Vx,a;x;-
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Then subsets are nonempty and each contains nonadjacent vertices. In addition,

‘ U Vs, | = p(%)r — 1 so that I'(R) is p(%)”— partite.

Example 5.1.5 Consider the ring R = Zy ® Z4/274 with respect to multiplication
in Construction II. The set Z(R)* of nonzero zero divisors of R is

Z(R)*=1{(0,1),(2,0),(2,1)} and the corresponding zero divisor graph is illustrated
in Figure 5.1 below. This is a bipartite graph with deg((0,1)) = deg((2,1)) = 1 while

deg((2,0)) = 2. Moreover, diam(I'(R)) = 2,gr(I'(R)) = oo and b(I'(R)) =

1
5

(2,0)

(0,1) (2,1)

Figure 5.1: The zero divisor graph of Zy ® Z4/27.4

Proposition 5.1.6 Let k > 3, then R is a completely primary finite ring of char-

acteristic p*, satisfying;

(i) Z(R) =pRo® U.
(ii) (Z(R)* =p" 'R,
(iii) (Z(R))" = (0).

PROOF.

Similar to the proof of Proposition 4.4.3. 0

79



Proposition 5.1.7 Let k > 3 and R be a ring in Construction II, then the graph

['(R) satisfies the following;
(i) [ (C(R))|=ph-r —1.
(ii) diam (I'(R)) = 2.

(iii) gr (D(R)) = 3.

k
p(j)T_l

D1 thyr_p(5)r
(Z'U) b (F(R)) _ p(k +h) _p(z)

Ezhr g
£ =T if k s odd.

p(kflJrh)r_p(T

if k is even ;

PROOF.
For part (i), line of proof is similar to part (i) of Proposition 5.1.3 except that now
IZ(R)| = p*=Y and hence |Z(R)* = ph+h—Dr — 1.
For parts (ii) and (iii)the proofs are similar to Proposition 5.1.3.
For part (iv), we consider the two cases separately.
Case I: k is even.
Let X = {37_ a;\i}, a; € {O,j <p§)} 1< j<p5—1, then define Vsan, = X\{0}
and V; = Z(R)*\ U V&,4,»,- From the definition of Vi,

N(W) = U Vo So| N(Vi) [ = p37 — 1. Also V3] =|Z(R)* = N(W)

- ‘ Z(R)*‘ _‘ UVia, | = plt+mr — 1 — <p(§)r _ 1) = plh i _p(g)r_ The binding

k
[N | p2)r—1
\

number is then established by the ratio 55+~ = o
1l plk=1+R)r ()7

Case II: £ is odd.
Let X = {S7_ah}, a € {0, (j — 1)pL‘§} 12 < j < p"5*. Then define Via,, =
X\{0} and Vi = Z(R)*\ U, V5,a:»,- From the definition of V1,

k

N(V1) = UV, s0 that | N(V1) [= p57 — 1. Also, [ Vi | = | Z(R)" — N(1)
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= | Z(R - UVaap, | = ph=1+0r — 1 — (p(Fr — 1) = plk=1+h)r _ (55 The

result follows from the ratio |

k1
N(V1) ‘ — p(T)Tfl |:|
| V1| p(k—1+h)r_p(k§1)r'

Example 5.1.8 Let Ry = GR(2*, 2%) & Zy[x]/(2* + 1), so that k = 2 and r = 2.
Let R = Ry ® Ro/pRy and let « be the root of x> + 1 in Zs. Then with respect to
multiplication in Construction II, the set of nonzero zero divisors is
Z(R)*=1{(0,1),(2,0),(2,1), (22, 0), (2c, 1), (2a+2,0), (0, @), (0, a+1), (2, ), (2, a+
1), 2a+2,0), 2a+2,a+1), 2 +2,1)}

X = {Sra\} Soi = lor 2 and a; € {0,j(p2)} and 1 < j < p* — 1.Thus
j =1s0a; € {0,2}. Moreover, \; € {1,a}. Hence X = {0, 2, 2a, 2« + 2}.
giving Vo = (0,0), Vo = (2,0),Vaq = (2,0) and Vapio = (2a + 2,0) so that

U Vsran = X\ {0} = {Va = (2,0), Vo = (20,0), Vaaso = (20 +2,0)}

The zero divisor graph of R is given in Figure 5.2 below.

(2, 0)

(2,0)

Figure 5.2: The zero divisor graph of R = Ry ® Ry/pRo where Ry = GR(16, 4)

The graph is 4-partite in which all the vertices are of degree 3 except for the
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vertices (2,0), (2a,0) and (2a 4 2,0) which are each of degree 12. The diameter of

the graph is 2 while its binding number is %1 and the girth is 3.

Corollary 5.1.9 Let R be a ring in Construction II. Then the clique number of
[(R) is given by

p(g)’" if ks even;

pUT ) if ks odd .

PROOF.
The clique number coincides with the number of partite subsets since each subset
of vertices has at least a vertex which is adjacent to another vertex in a distinct

subset.

Proposition 5.1.10 Let R be a ring in Construction II. Then

g— partite, if k is even;

I'p(R) =
B — partite, if k is odd.

PROOF.

Case I: k is even. I'g(R) is partitioned into the following subsets:

Vi={(Z(R)'}, 1< <

[SIES

V; = {(Z(R))’} such that £ < j<Fk—1.
For each j, we have V) N'V; = () and V; are mutually disjoint for all j.

Moreover, Vi {Uf_l Vit =V({Ie(R)).

=£+1
The result follows by counting the disjoint subsets.

Case II: k is odd.
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We partition I'g(R) in to the following subsets:

Vi={(Z(R))}.
,

Vi ={(Z(Rr))

< i<

1 ,

k—gl < j<k—1.Foreach j, V1NV, =0 and V; are mutually

disjoint. Furthermore V; U{Uj:é V;} =T'g(R). By counting the disjoint subsets,
- 2

we obtain the result.

O

As a consequence to the immediate proposition, we have the following result.

Corollary 5.1.11 Let T'g(R), be the graph determined by the equivalence classes
of the zero divisors of a commutative ring given by Construction II. Then, the clique

number of the graph is given by

%, if k is even ;
w(l'p(R)) =

EEL - yf kds odd.

2

Proposition 5.1.12 Let R be a ring in the Construction II. Then

/

0, when k= 2;

(i) diam(Us(R)) = 4 1, when k = 3;

2,  elsewhere.
\

oo, if k=2, 3;
(i) gr(Ue(R)) =

3, if k> 3.
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(1i1) b(T'g(R)) =

0, if k=2
1, if k= 3;
k24 if k>4 and is even ;

kS 4f k>4 and is odd .

PROOF.

(i)

(i)

(iii)

If k=2, then I'g(R)) has a single vertex. If k =3, I'g(R)) is a line graph

[(Z(R)}—H(Z(R))*]

Now, for k > 3, [(Z(R))*"!] is adjacent to every other vertex in T'g(R)).
But I'p(R)) is not complete because, if 0 <1i < £ where k is even and
0 <i< i3 where kisodd, thereexists j > i >0 sothat [(Z(R))][(Z(R))F177] =

[(Z(R)" 7] # 0.

For k = 2 or 3, the result follows from (i). Elsewhere,

[(Z(R) ) ——(Z(R) [ ——(Z(R))*"F—(Z(R))*"]

g when k is even or when 0 < i < 51 and k

is a cycle, if 0 < i < 5

is odd. It is important to note that there exists no n — gon,n > 3 because

[(Z(R))*1] is adjacent to every other vertex in I'g(R).

If k=2, then S = Z(R) and N(S)=0.So|S|=1and | N(S)|=0.If k =3

then | N(S)|= 1. Now, let k> 3. By Corollary 3.2.8, when k is even | V; | = &

while | N (V1)|= %5%. When k is odd, then | Vj| = .3 while | N(V})| = £32. Then
V()|

by the ratio TV for the binding number, we obtain the result.
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Chapter summary
In summary, the characterization of rings in the Construction II is as follows;

Theorem 5.1.13 Let R be a commutative ring described by Construction II. Then

the zero divisor graph of R satisfies the following
(i) [(D(R))|=ptth=r —1.
(i) diam (I'(R)) = 2.

(111) gr (I'(R)) = 3.

(5r_ ‘ ‘
m, if k is even ;
(w) b(I(R)) =" -p
k=1,
Pl ik s odd.

p(k—1+h)r,p<k%)r
Theorem 5.1.14 Let R be a ring in Construction II with h = 1, then
)r — partite, if ks even ;
(552 . . .
p\ 2 — partite, if k s odd .

Theorem 5.1.15 Let R be a ring in Construction II. Then the clique number of
[(R) is given by

p(g)’", if ks even;

pZ ) i kis odd .
Theorem 5.1.16 Let R be a ring in Construction II. Then

g— partite, if k is even;

B — partite, if k is odd.
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Corollary 5.1.17 Let T'g(R), be the graph determined by the equivalence classes
of the zero divisors of a commutative ring given by Construction II. Then, the clique

number of the graph is given by

3 if k is even ;

w(l'p(R)) =
kL if kis odd .

2

Theorem 5.1.18 Let R be a ring in the Construction II. Then

(

0, when k =2;

(i) diam(I'p(R)) = 1, when k= 3;

2,  elsewhere.
\

oo, if k=2, 3;

3, if k> 3.
p

0, if k=2;
1, if k= 3;

(117) b(T'g(R)) = <

k=4 if k>4 and is even ;

kS 4f k>4 and is odd .
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Chapter 6

Conclusion and Recommendation

In this chapter we conclude the thesis and provide some recommendations for further

research.

Conclusion

In this study we have identified and investigated the zero divisor graphs of the Galois
rings of the form GR (pkr, pk) . In Proposition 3.1.2 we have not only identified the
zero divisors of the trivial Galois rings, GR (pk , pk) but have further improved on
the findings of Duane [19], ( See a summary of this in Chapter 2 of this thesis) by
establishing a general characterization of the graph I'(Z,) for all k.

In as much as our findings are in agreement with those of Anderson and Livingston
[7] on the diameter and the girth of the graph I'(Z,+), in Proposition 3.1.3, we have
given a more robust characterization for the binding number of I'(Z,«) for all p, a
prime number and for all £ > 3. Sankeether, Sankar, Vasanthakumari and Meena

[26] only generalized this for I'(Zyr).
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What now follows is a summary of our results on both the Galois rings as well as
on the classes of rings encountered in the the two ring constructions studied. For
a commutative ring R which is not a field discussed in this thesis, the range of its
diameter is 0 < diam(I'(R)) < 2, while its girth is either 3 or co. If S is another
ring considered in the thesis, then I'(R) = I'(S) does not imply that R = S. We
also observed that there is no ring R considered in this thesis whose zero divisor
graph T'(R), is an n — gon where n > 3. Moreover, diam (Ry) = diam (Ry ® U) = 2
if Ry =GR (p’”", pk) , k>3, If 1 <k <2, the diameter of Ry is not preserved
in the idealization. The thesis has provided partial answers to the following open

questions.

e For any commutative finite ring R, it is known that 0 < diamI" (R) < 3.

Which rings have zero divisor graphs of a specific diameter in this range?

e It is known that in any commutative finite ring R, either 3 < gr (T'(R)) < 7
or gr (I'(R)) = oo. It has been conjectured that there exists no ring R in which
5 < gr(I'(R)) < co. So, which rings have zero divisor graphs in which

gr(I'(R)) =3, 4, or oo?

e Let R be a commutative ring with 1 and U be an R— module. If diam (I' (R)) >
1, then diam (I' (R @ U)) > 1. Then, which classes of rings preserve the diam-

eter?
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Recommendations

An obvious general algebraic structure on the set of zero divisors in a ring does not
exist. In a commutative ring, the set of zero divisors is a multiplicative semigroup.
It is for this reason that nonalgebraic methods including the zero divisor graphs have
been used to study sets of zero divisors. In order to establish the relationship between
a finite ring R and the graph I'(R), the isomorphism and classification problems arise
naturally. This thesis has provided partial solutions to these two problems on the
classes of rings described by Construction I and II. We recommend that further
research should address the two problems on other classes of commutative finite
rings. We in particular recommend that further studies be done to answer the

following:

e Let R be a ring described by Construction I, what is the possible Construction

S such that I'(R) = I'(S)?

e Let R’ be aring described by Construction II, what is the possible Construction

S" such that I'(R') = I'(5")?
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