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ABSTRACT

The study of elementary operators has been of great interést to many
mathematicians for the past two decades. Of special interest has been to
determine the norms of these operators. The norm problem for elementary
operators involves finding a formula which describes the norm of an ele-
mentary operator in terms of its coefficients. The upper estimates of these
norms are easy to find but approximating these norms from below has
proved to be difficult in general. Several mathematicians have produced
known results for special cases on the lower estimates, for example, Math-
ieu found that for prime C*-algebras, the coefficient is %, Stacho and Zalar
obtained 2(1/2—1) for standard operator algebras on Hilbert spaces, Cabr-
era and Rodriguez obtained 53;11—1—2- for JB*-algebras while Timoney came up
with a formula involving the tracial ggometric mean to calculate the norm
of elementary operators. An operator T': A — A is called an elementary
operator if T' can be expressed in the form T'(z) = ). a;zh;, Vz € A
where A is an algebra and a;, b; fixed in A. The norm of an operator T’
is defined by ||T'|| = sup{||Tz|| : = € H, ||z|| = 1} where H is a Hilbert

space. The purpose of this study therefore, has been to determine the

lower estimate of the norm of the basic elementary operator on a C*-

muds. To do this we needed to have a good
background knowledge on functional analysis, general topology, operator
theory and C*-algebras by understanding the existing theorems and rele-
vant examples especially on tensor product norms. We used the approach
of tensor products in solving our particular problem. We hope that the
results obtained shall be useful to applied mathematicians and physicists

especially in quantum mechanics.
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Chapter 1

INTRODUCTION

The study of elementary operators has been a subject of many papers
most of which have been on the norms of elementary operators. They
first appeared in a series of notes by Sylvester [7] in the 1880’s, in which
he computed the eigenvalues of the matrix operators on the n xn-matrices.
The term elementary operator was coined by Lumer and Rosenblum in
the late 1950’s [7]. An operator T': A — A is called an elementary oper-
ator if T' can be expressed in the form T'(z) = Y. , a;xb;, where A is an
algebra and a;,b; (1 < i < n) fixed in A. For A, a C*-algebra , one may
allow a; and b; to be in the multiplier algebra M(A) of A [10, 14].
Properties of elementary operators have been investigated in the past two
decades and there are many excellent surveys and expositions of certain
aspects.

Elementary operators on C*-algebras were extensively examined by Ara
and Mathieu [7]. Curto [7] gave an exhaustive overview of spectral proper-
ties of elementary operators, Fialkow [7] comprehensively discussed their
structural properties (with an emphasis on Hilbert space aspects and
methods), and Bhatia and Rosenthal [7] dealt with their applications to




operator equations and linear algebra. Mathieu [11] surveyed some re-
cent topics in the computation of the norm of elementary operators and
elementary operators on the Calkin algebra. Through all thege studies, it
has emerged that for general operators, a full description of their prop-
erties is rather intricate since these are often intimately interwoven with
the structure of the underlying algebras. Therefore, no general formula
describing the norm of an arbitrary elementary operator has been found
even for simple algebras such as B(H)(the algebra of bounded linear op-
erators on a Hilbert space H). For details see [7, 14, 19, 20, 25, 26 .
The first chapter is composed of basic results which are used in the sub-
sequent chapters. Here, we also present terminologies and symbols in
addition to some definitions regarding elementary operators.

In chapter two, we investigate tensor products and tensor norms. We
look closely at tensor products of vector spaces and functionals, Hilbert
spaces, operator spaces, normed spaces and C*-algebras. We also give
some results on tensor norms, specifically én projective norm, Haagerup
norm, spatial norm and maximal C*-norm. Lastly, we establish the rela-
tionship between spatial norm and maximal C*-norm.

In chapter three, we investigate elementary operators and give results on
the lower estimates of the norm of the basic 6f elementary operators;
Finally, in the last chapter we give a summary of our work and recom-

mendations.
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1.1 Background Information

We first introduce some essential concepts involving definitions and other

notions used in the sequel.

1.2 Algebras, Operators and Functionals

Definition 1.2.1. A Field is a set K together with two operations (+)
and (-) for which the following conditions hold:

i. (Closure) for all a,b € K, the sum a‘+ b and the product a.b again
belong to K;

ii. (Associativity) for all a,b,c € K, a+(b+c) = (a+b)+cand a-(b-c) =
(a-b)-c;

iii. (Commutativity) for all a,be K, a+b=b+aanda-b=>b-gq;

iv. (Distributive laws) for all a,b,c € K, a-(b+¢c) =a-b+a-c and
(a+b)-c=a-c+b-c

v. (Ezistence of an additive identity) 3 0 € K for which a + 0 = a and
O0+a=aforallack,;

vi. (Ezistence of a multiplicative identity) 31 € K with 1 # 0 for which
a-1=aand1-a=aforall g € K

vii. (Eristence of additive inverses) foreacha e K3z € K: a+z=0
and z + a = 0, z = —a is the additive inverse of K (the equation

z+a=0and a+z=0hasasolutiona:eKdenotedby —a);
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viii (Eristence of a multiplicative inverses) for each a € K, with a # 0
the equations a- z =1 and z - @ = 1 have a solution z € K, called

2

the multiplicative inverse of a, and denoted by a™!.

Definition 1.2.2. A vector space over the field K is a set X on which
two operations are defined, called addition and scalar multiplication, and
denoted by (+) and (-) respectively. The operations must satisfy the

following conditions;

i. (Closure) for all a € K and all u,v € X, u + v and the scalar product;
a - v are uniquely defined and belong to X;

ii. (Associativity) for all a,b € K and all u,v,w € X, u+ (v+w) =
(u+v)+wanda-(b-v)=(a-b)-v;

ili. (Commutativity of addition) for all u,v € X, u+v=v+u;

iv. (Distributive laws) for all a,b € K and all u,v € X, a-(u+v) =
(a-u)+(a-v) and (a+b)-v=(a-v)+ (b-v);

v. (Eristence of an additive identity) 3 0 € X for which v+0 =v =0+v
forall v e X;

vi. (Eristence of additive inverses) foreachv € X, 3z € X: v+z=0=
Z +v, £ = —v is the additive inverse of X (the equation z +v =10
and v + z = 0 has a solution z € X denoted by —v);

vii (Unitary law) forallve X, 1-v=w.

Definition 1.2.3. Given a vector space X over a field K, a subset W
of X is called a subspace if W is a vector space over K and under the
operations already defined on X.



Definition 1.2.4. Let M be a non-void subset of a linear space (X, K).
The set of all linear combinations of elements of M is called the space
spanned by M and is represented by [M]. That is,

[M]={ala:1+---+an:i:,.}:n€N, z;€EManda; €K (i=1,...,n).

Definition 1.2.5. Let X be a vector space over C. A mapping

(.,,.) : X x X — C is called an inner product if V z, ' and y € X and
a € C, the following conditions are satisfied:

(@) {(z,z) > 0 and (z,z) = 0 if and only if z =0,

(i) (= +2,9) = (z,9) + (=, ),

(iii) (o, y) = afz, ),

) @ v) = (w.2).

The pair (X, {.,.)) is called an inner product space over C.
Definition 1.2.6. A real valued function ||.|| : V — R, where V is a
vector space over the field K is called a norm if it satisfies the following
conditions: i.eVz,y € V, and a € K,

(1) Jlz|l > 0 and ||z|| = 0 if and only if z =0,

2) llaz|| = |alll=|,

@) llz +yll < ll=ll + llyll-

Definition 1.2.7. An operator is a mapping of a vector space X onto

itself or to another vector space.

Definition 1.2.8. Let X and Y be linear spaces. Then a function T :
X — Y is called a linear operator if and only if V z, y € X and
o,feK, T(az+pPy)=T(z)+AT(Y) |

5

MASENO UNIVERSITY
S.G. 5. LIBRARY




Definition 1.2.9. Let X, Y be linear spaces. A linear operator 7" : X —
Y is called bounded if and only if there exists a constant C' > 0 such
that ||| < Cllz]. i

Definition 1.2.10. Let B(X, Y) be the set of bounded linear operators
mapping elements of X to Y. Let T € B(X, Y) then the norm of T is

defined as: '
17 =sup{"—’1|;£§':"ﬂ : z;éO}.

Definition 1.2.11. A basis § for a vector space X is a nonempty set of
linearly independent vectors that span X.

Definition 1.2.12. Let (X, K) bean inner product space. ThenV z, y €
X, z and y are said to be orthonormal if (z,y) = 0 and ||z|| = ||y|| = 1.
An orthonormal set of all vectors of the form z and y which form a basis

is called an orthonormal basis.

Definition 1.2.13. A Hilbert space is a complete inner product space

i.e a Banach space whose norm is generated by an inner product.

Definition 1.2.14. Let X be a vector space with a scalar field K, an
algebra is a vector space X together with a bilinear map X X X — X
defined by (a,b) — ab V a,b € X such that a(bc) = (ab)e Va,b,c€ X.

Definition 1.2.15. A subalgebra of an algebra A is a vector subspace
B such that V b,/ € B we have bV’ € B. -

Definition 1.2.16. A norm ||.|| on an algebra A is said to be sub-
multiplicative if it satisfies ||ab|| < ||a||||bl| Ve, b € A. An algebra A with
the norm ||.|| which is sub-multiplicative, is said to be a normed algebra.



Definition 1.2.17. If a normed algebra A admits a unit e such that
ae =ea=a Vac€ Aand|e|| =1, then we say that A is a Unital

normed algebra, otherwise it is non-unital.

Definition 1.2.18. A complete normed algebra A is called a Banach
algebra.

Definition 1.2.19. An algebra A is called commutative (abelian) if

ab=ba, Va, be A It is non-abelian if the product is non-commutative.

Definition 1.2.20. Let A be an algebra. A mapping from A — A defined
by a — a* V a,a* € A is called an involution on A if V a,b € A and
a € K, it satisfies the following four conditions:

(i) (a+b)* =a*+b*

(ii) (aa)* = aa*

(iii) (ab)* = b*a”

(iv) a* = a.

Definition 1.2.21. An algebra A with an involution i.e a — a* is called
a *-algebra.

Definition 1.2.22. A Banach algebra A with an involution a + a* sat-
isfying the property ||a|| = |la*||, V a € A is called a Banach *-algebra.

Definition 1.2.23. A Banach *-algebra A with the property
lla*all = ||a|]?, V a € A is called a C*-algebra.

Ezample 1.2.24. We consider B(H), the set of all bounded linear operators
on a Hilbert space H. We prove that B(H) is a C*-algebra.

Proof. B(H) is an algebra:

Let T € B(H) where T : H — H. Now, multiplication is defined point-
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wise in B(H). Thus, ST(z) = S(T(z)) VS, T € B(H) and z € H.

B(H) is a normed algebra:
B(H) is a normed space, consequently, a normed algebra. For if we let
T € B(H) then ||T|| satisfies the axioms of a norm as below;

(i) Clearly, ||IT|| > 0 and ||T|| = 0 if and only if T = 0.

(i)

leT|| = sup { "(‘E:I)Ixu tZ O}

C (lellTel |
= s“"{ Tl '““’}

= ""'S“"{"u u" ”"“’}
~ lallT].

(i)
481 = s {II(TW@)H 7&0}
. ||Ta:+S:t||
- “"{" uI uI 7“’}
Tz| lell
{u I 9“’}

Tz ISz]|
= S“"{ Bl 7“’} {u B 7“’}
= |7+ 18]




(iv)

ITsi = sup{ll(’—”nszﬁz)u } o
= "T(Sx)"
] sup{" |{ o M ()}I
T(S(x))| IS(z)] y i
{ IS@I x|l :S(x) #0, #0}

I7(s2)] IS@Il
= S“p{ 5@ S“*“’} { el ’“’}

=[Sl

= sup

B(H) is a *-algebra:

Since B(H) is an algebra and T € B(H),‘ it has an involution from B(H)
to B(H) defined by T + T*, where T* is the adjoint of T (see definition
1.2.32) But T is a bounded linear operator so we have,

@ T+S)=T+5"

But, (T + S)z,y) = (z,(T + S)*y),Vz,y€ H.

Also,

(T+S)z,y) = (Tz+Sz,y)
= (Tz,y) + (Sz,y)
= (z,T"y) + (z,S™y).

Thus, (z, (T + S)*y) = (=, T*y + S*y),Vz,y € H.
(i) (eT)* =aT™
Now,

((aT)x, y) = <$7 (aT)*y)- (121)



™

Also,
(@T)z,9) = (T(z),9) = (z, (aT)"y)) = (2,3 (). (122

Equations (1.2.1) and (1.2.2) shows that (z, (aT)*y) = (z,aT™*(y))-
(iii) (TS)* = S*T™.

Since

TSz = T(S(x)),
(TS)(z),y) = (T(S(z)),v)
= (Sz,T"y)
= (z,57(T"(v)))
= (&, (ST")(v))-

On the other hand, ((T'S)(z),y) = (z, (T'S)*(y))
ie (TS)* = S*T* ‘

(iv) T =T.

Now (T'z,y) = (z,T*y) = ((T*)"z,y)-

So (T —T**)z,y) =0V z,y € H.

Therefore, T — T** = 0 and hence T** =T.

B(H) is a Banach *-algebra.
For all T € B(H), |IT|| = ||T™||-
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. Now,VzeH,

IT*@)I* = (T*z,T*z)
(T(T*(x)), =)
IT(T* (@)=
I @)
IT*@1 < [Tl

IA

IA

ie
) < 17| (1.2.3)

- Also, [|T™*|| < ||IT*||, but T** = T Therefore,
Il < ™|l (1.24)

and hence by (1.2.3) and (1.2.4), |T|| = |T*].

B(H) is a C*-algebra.

We need to show that it satisfies the property |T*T| = ||IT|]3, VT €
B(H). ' '
Now, |T*T(@)|| < IT* =Tl = ITII||=l|

= |T*T|| < |IT)1% (1.2.5)

1




Also,Vz € H,

ITz|? = (Tz,Tz) -
(T"Tz,z)
< |ITTz||lz]
< Tl

il

ie
I\ < 7). - (1.2.6)

By (1.2.5) and (1.2.6), ||T*T|| = ||T}|, so B(H) is a C*-algebra. O

Definition 1.2.25. Let X be a vector space over K(C or R). A mapping
f : X — K is called a functional.

Definition 1.2.26. A functional f on a vector space X over K is called
a linear functional if f : X — K is a complex-valued linear operator.

Definition 1.2.27. A linear functional f is said to be bounded if and
only if there exists a constant C > 0 such that |f(z)| < Cllz|]] Vz € X.

Definition 1.2.28. Let f be a bounded linear functional on X. Then
the norm of f is defined as || f|| ==sup{l{-é§"21 - :z;;é()}.

Definition 1.2.29. Let X be a vector space and X* the set of all linear
functionals on X then X* is called the dual space of X.

Definition 1.2.30. A positive linear functional is a linear functional

on a Banach algebra A with an involution that satisfies the condition

flaa*) >0, Vae A

12
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Definition 1.2.31. Let A an algebra with involution. Then the linear
functional f is called a state on A if f is positive and ||f|| = f(e) =1

where e is a unit element in A.

Definition 1.2.32. If T € B(H, K), where H and K are Hilbert spaces,
then the linear operator T* € B(K, H) satisfying (Tz,y) = (z,T*y)
Vz € H and Vy € K is called the (Hilbert space) Adjoint of T'.

Definition 1.2.33. A bounded operator T € B(H) is said to be self-
adjoint if 7* = T. Thus, T is Hermitian and ©(7T) = H if and only if
T is self-adjoint.

Definition 1.2.34. A bounded linear operator T" on a Hilbert space H

is said to be normal if it commutes with its adjoint i.e T7T™ = T™*T.

Definition 1.2.35. A unitary operator is a bounded linear operator
U on a Hilbert space satisfying: U*U = UU* = I, where U* is the adjoint
operator.

This property is equivalent to the following:

(i) U preserves inner product on the Hilbert space, so that for all vec-
tors x and y in the Hilbert space H, (Uz,Uy) = (z,y).

(ii) U is a surjective isometry (distance preserving map) i.e

Uz -yl = llz —yll-

Definition 1.2.36. If H is a Hilbert space, then an operator T € B(H)
is a finite rank operator if the dimension of the range of T is finite,
and a compact operator if for every bounded sequence {z,} in H, the

sequence {T'z,} contains a convergent subsequence.
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Definition 1.2.37. Let D = (A\jz) (j, kK =1,...,n) be an n-rowed square
matrix. Then the sum of its eigenvalues equals to the trace ‘of D, that is,
the sum of the elements of the principal diagonal: trace D = A+ +
[ |
Definition 1.2.38. A bounded linear operator P : H — H on a Hilbert
space H is a projection if and only if P is self-adjoint (P* = P) and
idempotent (P? = P).

Definition 1.2.39. Let H be a Hilbert space and B(H) the algebra of
bounded linear operators on H. Then T : B(H) — B(H) is called an
elementary operator if T" has a representation T'(z) = 3 .., a;zb; where
a; and b; are fixed in B(H). '

Definition 1.2.40. Let H be a Hilbert space and T : H — H be a linear
operator fhen:

(i) A number A € C is called the eigenvalue of T if there is a non-
zero * € H such that Tz = Az; the vector z is then called an
eigenvector for T corresponding to the eigenvalue A.

(if) The set W(T) = {(T'z,z) : z € H, ||z|| = 1} is called a numerical
range if T € B(H).
Definition 1.2.41. Let X be a linear space. A subset M of the linear

space X is convex if for all z,y € M and for any positive real number ¢
satisfying 0 < ¢t < 1 we have itz + (1 —t)y € M.

Definition 1.2.42. If M is a subset of a linear space X, then a convex
hull M, represented by conv(M) is the smallest convex subset of X con-
taining M and it is the intersection of all the convex subsets of X that

contain M.
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Definition 1.2.43. For a tuple (cy,...,c,) of operators ¢; € B(H), we

denote Wy, (cy, ..., ¢,) the matrix numerical range by:

<

Wm(ch weey C") = {((C;ct§7 f)):‘,;,:l : E = H1 "5" = 1} C M‘"'

The closure of W, is called the extremal numerical range defined by:

Wine(C1, - n) = {@ € Wiy(C1, .., €n) : trace(e) = || ) cjaill}-

i=1

Definition 1.2.44. The rank of a matrix D is defined as the order of

the largest square array in D with a nonzero determinant.

Definition 1.2.45. Let X be a non-empty set and K be the field of real
or complex numbers. Let Kx be the set of all finite linear combinations
of elements of X such that Kx = {3 I, ouiz; : z; € X, € K} where
the operations are as az; + fz; = (d + B)z; and a(Bz;) = (afB)z;. Then
the vector space Kx over K is called the free vector space.

Remark 1.2.46. The term free is used to connote the fact that there is no
relationship between the elements of X.

Definition 1.2.47. Let X and Y be two vector spaces over K, and let
T be the subspace of the free vector space K xxy generated by all the
vectors of the form a(z,y)+6(z', y) — (ez+ 62, y) and oz, y)+6(z,y') —
(z,oy+pyY) Vo, € Kand z,2' € X, y,y € Y. Then the quotient
space Kxxy /T is called the tensor product of X and Y and is denoted
by X®Y.

An element of X ® Y has the form ) a;(z;,y;) + T. The coset (z,y) + T
is denoted by z ® y and therefore any element u of X ® Y has the form
p=3;z; ® Yi. |
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Definition 1.2.48. If = and y are elements of a Hilbert space H we define
the operator z ® y on H by (z ® y)(2) = (z,y)z.

<

Lemma 1.2.49. If z and y are elements of a Hilbert space H then for
the operator t®y on H, ||lz @ yl| = ||lz|l[ly]l-

Proof. From the above definition, (z ® y)(2) = (z,y)z. Since y is fixed,
let us denote (z ® y)(z) by Tyz.
Now, by the definition of an operator norm,

IT) = sup{lTyzll : z€H, |lz| =1}
= sup{llz®y)()|l: z € H, ||z]l = 1}
= sup{ll(z,y)zll : z € H, |2 =1}
= sup{|(z,v)lllzll : z € H, |}zl| = 1}
= |lellsup{l{z,9)| : =€ H, |}zl = 1}.

But |(z,y)| is maximum when 2z = ng'ﬁ with y # 0.

Hence,
Il = lzliE, vl
vl
1
= Tl \Y,
Il 0, 9)
ly|f?
z ———
bl
= |llliyll-
Therefore, ||z ® y|| = ||z]|ly]. =

Definition 1.2.50. Suppose A is a complex algebra and f is a linear

16




functional on A which is not identically zero. Then if f(a,b) = f(a)f(b)
Va, b€ A then f is called a complex homomorphism on A.

<

Definition 1.2.51. Suppose A and B are C*-algebras. A mapping ¢ :
A — B is said to be a C*-homomorphism if for any o, 8 € C and
a, b € A the following conditions are satisfied:

(i) ¢(oa + Bb) = ag(a) + B4(b)

(ii) ¢(ab) = ¢(a)p(b)

(iii) ¢(a*) = (4(a))*

(iv) ¢ maps a unit in A to a unit in B.

Further, if ¢ is 1 — 1 we say that the mapping ¢ is a C*-isomorphism.
ie. foralla,bGAanda#bwehavecf(a) # ¢(b) and so A and B are
isomorphic.

Definition 1.2.52. A representation of a C*-algebra A is defined as
the pair (H, ¢), where H is a complex Hilbert space and ¢ is a *-morphism
of A into B(H). The representation (H, @) is said to be faithful if and
only if ¢ is a *-isomorphism between A and ¢(A).

The space H is called the representation space, the operators ¢(a) are
called the representatives of A and by implicit identification of ¢ and the

set of representatives, we say that ¢ is a representation of A on H.

1.3 Completion of normed spaces

Definition 1.3.1. Let {z,}, {y.} be Cauchy sequences in (X, d) then
{z,} is said to be equivalent to {y,} denoted by {z,} ~ {y,} if and

17



only if ‘
’!jlgo dZns Yn) = 0.

The collection of all equivalence classes in this case is denoted by X*.

See details of equivalence relations and classes in [8].

Definition 1.3.2. A mapping A : X — Y where X, Y are normed linear
spaces is said to be a congruence if it is simultaneously an isometry and

an isomorphism.

Let (X, d) be an arbitrary metric space. Then the complete metric space
(X™, d*) is said to be a completion of (X, d) if:

1. (X, d) is isometric to a subspace (Xp, d*) of (X*, d*).

2. The closure of Xg, X is all of X* i.e Xo = X*.

Statement (2) is equivalent to saying that X, is dense in X*, that is,
every point of X* is either a point or limit point of Xj ( i.e for any point
z € X*, 3 {z,} € X, that converges to z) [9].

The two properties above are proved in the theorem below.

Theorem 1.3.3. Every metric space (X, d) has a completion (X*; d*)
and furthermore, if (X**, d**) is also a completion of (X, d) then (X*, d*)
is isometric to (X**, d**), i.e the completion of a space is unique to within
an isometry. See proof in [2]. '

Equipped with Theorem (1.3.3) we can now look at the completion of a

normed linear space.
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Theorem 1.3.4. For every normed linear space X there’s a complete X*
such that X is congruent to a dense subset Xo of X* and the norm on

<

X* extends the norm on X.

Proof. (From [2]) Let X be a normed linear space and consider the dis-
tance function d defined by taking

d(.’l), y) =] ".’E -y”: v T, Y€ X.

We call d as a norm derived metric.

From Theorem (1.3.3), we have (X, d) as a metric space and it’s comple-
tion (X*, d*) also a complete metric space

We identify z € X with its isometric image in X™*. Our prime aim is to
show that, after defining vector addition and scalar multiplication, X*
will be a complete normed linear space with the property that not only is
X isometric to a dense subset of X* but is also isomorphic to this dense
subset.

Further, we show that the norm on X* will extend the norm on X, the
extension made by 1_;he above identification in mind.

Thus we exhibit Xy C X* such that
1 -X~0 =X *,
ii. X is isomorphic and isometric to Xj i.e X and X, are congruent.

Now let z*, y* € X* (i.e equivalence classes of Cauchy sequences of X).
Let

{z.} €z and {y.} ey - (13.1)

19



We define z* + y* to be the equivalence class containing {z, + y.} and
we call it 2*.

Now we show that {z, + y,} is a Cauchy sequences.

To show this, we note that

IZn + Yn — (Zm + Ym)l| < 120 — Tl + l9n — Ymell-

We now show that the operation is well defined.
Suppose &, ~ T, and g, ~ y, then we recall from definition (1.3.1) what

is meant for two sequences to be equivalent and we can show that
{@n+ 90} ~ B+ i)
by noting that
1Zn + ¥n — (Zn + Gn)l| < ||2n _\571:" + [19n — Full-

Let a € K. With {z,} € z* as in equation (1.3.1), we define az* to be
the class containing {ox,}.

Therefore, {ox,} is a Cauchy sequence and that the operations of scalar
multiplication is well defined. Hence X* with these two operations is,
indeed a linear space.

Now we introduce a norm on X*.

With {z,} € z* as in equation (1.3.1), we define
el = lim [l (132)

We show that the limit in equation (1.3.2) exists.

-
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Since
| lzmll = llzall | < l|#m — zall,

it is easy to see that the sequence of real numbers {||z,||} is Cauchy and
hence the limit exists.

We suppose that z,, ~ :2,, Since
[ zall = 12all | < lzn — Zall

and the term on the right goes to zero, the norm in equation (1.3.2) is
well defined. ‘

Now we show that the mapping in equation (1.3.2) is truly a norm.

As in equation (1.3.1),

(1). The mapping is non-negative and equals to zero if and only if z* = 0*.
Suppose ||z*|| = 0, = lim, o ||Zx]| = 0. This implies z, — 0.

Thus {z,} ~ (0,0,0,...) or {z,} € 0* and z* = 0*.

(i1). llaz*|| = limp oo [lan]| = |o| limp .o [|Za]] = |eflz*]]-

(iii). fl* + 3| = limp oo [|Zn + Yall < iMoo [|Za]] + limn—oo [[ynl

or

l=* + 97l < lle™ll + lly”ll-

Hence equation (1.3.2) determines a norm on X*.

Next we show that X™* is complete with respect to the distance function
determined by this norm, denoted by dy. i.e we need to show that dy
and d* agree (d* as in Theorem (1.3.3)).
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Now

.
<

dn(z,y") = =" -yl
= lim ||z, — gl
= "h_g}od(zmyn)
= d'(z",9y")

hence we conclude that X™* is a complete normed linear space.

As in Theorem (1.3.3), we have an isometry A between X and X, of X* :
The set of all equivalence classes of X* containing all elements of the form
{z.2,%,.. )2, zeX.

We show that A establishes an isomorphism between X and Xj. Its al-
ready known that A is onto Xj, and since its an isometry, it is one-to-one.
So we only need to show that it preserves linear combination.

Suppose z, y € X and let Az =z’ and Ay = 7/.

Now consider | ‘

Alz+y)=(z+y).

Since

(z+y,z+y,..) € (x+y)

and

(z+y,z+y,..)=(z,7,..)+(v,9,...)

we can say by our rule for addition, that

(z+y)=2+¢
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and A preserves vector addition.
For scalar multiplication, let « € K and z € X.
Now, let Az = z’. So for a € K,

A(az) = a(Az) = az’

and

(oz, az,...) € (azx)’

so we can say by our rule for scalar multiplication, that
y
(az) = az'

and A pr&sewes scalar multiplication. O

1.4 Literature review

The term elementary operator came as a result of basic elementary op-
erators [4, 5]. If A is an algebra, then given a,b € A we define a basic
elementary operatof M,y : A — A by M,,(z) = azb. Therefore, an
elementary operator is the sum T' = Y » | M, ;, of the basic ones, see
definition (1.2.39). On detailed study of the norm of elementary op-
erators, a number of results have been qhown. Trivially, for the basic
elementary operator, [|M,s|| < 2[lal|||b]|. For the Jordan elementary op-
erator U = ||M,p + My, [[Map + Myl < 2|jal|||b]] for the upper esti-
mate. Considering the lower estimates, Mathieu proved that for prime

C*- algebras, || Moy + M|l > 2[la][|5]], Cabrera and Rodriguez proved
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that for JB* algebras, ||Mgp + Myl > 55555 llalll|bl] while Stacho and
Zalar [21] proved that for standard operator algebras on H}lbert spaces
[Map + Myall > 2(v/2 — 1)|al|||b]]. Recently, Timoney [24, 25] showed
that ||Map + My,|| > |lal|||b]] and further came up with a formula for
calculating the norm of ’a general elementary operator involving matrix
numerical range using the notion of tracial geometric mean [27].

The tracial geometric mean of the positive (semi-definite) n X n-matrices
D, E is tgm(D, E) = trace\/vDE+/D where /- denotes the positive

square root.

Theorem 1.4.1. Fora = a4, ...,a,] € B(H)" (a row matriz of operators
a; € B(H)), b = [by,...,b,)" € B(H)" -(a column matriz of operators
b; € B(H)) and Tz =), a;zb; an elementary operator, we have

IT|| = sup{tgm(Q(a*,£),Q(b,m)) : &, € H, [I€]| = 1, [Inll = 1}. For
proof, see [27]. '

Through the idea of tensor products [1, 6], the norm of elementary opera-
tors can be determined. The Haagerup norm, for example, of an element

w € B(H) ® B(H) (of the algebraic tensor product) is defined by

}

where the infimum is taken over all possible representations

n n
”w”i = inf{ Za,—a}‘ Zb;-*b,—
i=1 i=1

wzia,-@b,-.
=1

A well known estimate of an operator T' due to Haagerup states that if

T =31 a;®b; then [T < [Tl < {I| %, asaf lll o7, b30:l]} 2 where

i=1"1

24



7|l is the completely bounded norm of 7. We have shown that the

Haagerup norm is actually a norm in chapter two.

<

Theorem 1.4.2. Let A= B(H) (where A is an algebra) and let
T € e¢(B(H)) be as above then

1
I < 1Tl < 5 ({

if and only if Wy, e(ai, ..., a5) N Wi, (83, ..., b)) is nonempty. See proof in

[26].

n
*
E a;a;
=1

zn: bb;
i=1

Agure and Nyamwala [14] also used the spectral resolution theorem to
calculate the norm of an elementary operator induced by normal operators

in a finite dimensional Hilbert space.

Lemma 1.4.3. Let T' be a normal operator such that T : H — H where
H is a finite dimensional Hilbert space then:

m P
I = (Z | A |2)
g=1

where A; are distinct eigenvalues of T for corresponding eigenspaces (M;,

j=1,...,m). See [1}] for proof.

Theorem 1.4.4. Let T,, : B(H) — B(H) be an elementary operator
defined by Top(z) = >, a;zh; where a; and b; are normal operators and
H aq finite dimensional Hilbert space then

7 = (Z (i s P B 1))

i=1 \j=1
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where «; j and [;; are distinct eigenvalues of a; and b; respectively. See

[14] for proof.

Our main interest therefore, has been to further investigate the norm of
elementary operators where we precisely aimed at determining the norm of
the basic elementary operatorM,, : B(H) — B(H) defined by M, ,(z) =
azb Yz € B(H), a, b ﬁxed in B(H), the algebra of all bounded linear
operators on a Hilbert space H (see example 1.2.24).

1.5 Statement of the problem

Let H be a complex Hilbert space, T : H — H be a bounded linear
operator and B(H) the set of bounded linear operators on H. B(H) is
an algebra, in fact a C*-algebra. The norm of T is defined as:

_ 1Tz .
17| ——sup{ T Z£0%

In our study we include the basic elementary operator M, : B(H) —
B(H) defined by M, = azb, V z € B(H) and a, b fixed in B(H). The
upper estimate of the norm of a basic elementafy operator are easy to ﬁnd.
Therefore, we determine || M||, specifically, we concentrate on determining

the lower estimate of this norm through tensor products.
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1.6 Objective of the study

The purpose of this study is to determine the lower estimate of the norm

of the basic elementary operator through tensor products.

—.

1.7 Significance of the study

The results obtained are a contribution to the field of elementary oper-
ators and a motivation for further research to aspiring ma,thématicians
in this particular field of study. Further, we hope that the results ob-
tained shall be useful to applied mathema;cicians and physicists especially

in quantum mechanics.

1.8 Research methodology

For a successful completion of this research, we developed a good back-
ground knowledge of the theory of operators, especially C*-algebras, Gen-
eral Topology and Functional Analysis . We have restated some known
results which we found useful to our work hoWever, for most parts of this
work we omitted the proofs. Instead, we indicated where the proofs may
be found. In some cases we provided alternative proofs to the known re-
sults by taking advantage of the operator theory results constructed here.
Lastly, we used the technical approach of tensor products in solving the
stated problem. We initially examined the algebraic properties of ten-
sor products, their norm properties and applicability in our case before

applying it in finding a solution to our problem.
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Chapter 2

TENSOR PRODUCTS AND
TENSOR NORMS

2.1 Introduction

In this chapter we study tensor products and tensor norms. We look
closely at tensor products of vector spaces and functionals, Hilbert spaces,
operator spaces, normed spaces and C*-algebras. We also give some re-
sults on tensor norms, especially on projective norm, Haagerup norm,
spatial norm and maximal C*-norm. Lastly, we establish the relationship

between spatial norm and maximal C*-norm.

2.1.1 Bilinear maps and tensor products.

Let X and Y be vector spaces over K. A function f : X xY — K is
bilinear if it is linear in both variables separately, that is,

Jlarzy + 0272, 9) = o1 f(z1,y) + o f (22, y)
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F(z, By + Baye) = Buf(z,41) + Bof (0, 92)

forallz, 1, z2 € X and y, y1, y2 € Y.

We write B(X,Y’; K) to denote the set of all bilinear functions from X xY
to K. A bilinear function f : X x Y — K with values in the base field is
called a bilinear form on X x Y. See [6, 13] for more details on bilinear

forms.

Lemma 2.1.1. Let f be a mapping from a cartesian product space to the
tensor product space i.e f: X XY — X QY. Then f is a bilinear map.

Proof. Let x, x1, o € X and y, y1, y2 € Y. Also let a, 8 € K. To show
that f is bilinear, it suffices to show that it is linear in each vector space
X and Y separately. To show linearity in X, let f(z,y) = x ® y. Then,

flazy+ Br2,y) = (az1+Pr2) ®Y
= (az;1®y) + (Br2®Y)
= ao(r1®y) +B(z2®7Y)

= af(z1®y) +Bf(z2®y).

Hence f is linear in X.

To show linearity in Y,

f(@,ay +Bya) = z® (ays + Bys)
= (z®ay)+ (z® Byz)
= a(r®y)+ Bz ®y2)

= af(z®u)+Bf(z D).
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Hence f is linear in Y and therefore, f is a bilinear map. O

©
<

2.1.2 Universal property of tensor products

The space of all bilinear maps from X X Y to another vector space Z is
naturally isomorphic to the space of all linear maps from X ® Y to Z.
This is built into the construction; X ® Y has all the relations that are

necessary to ensure that a homomorphism from X ®Y to Z will be linear.

Theorem 2.1.2. Let X and Y be vector spaces over the saﬁe field K.
There exists X @ Y called tensor product of X and Y with a canonical
bilinear homomorphism f : X XY — X ® Y distinguished up to isomor-
phism by the following universal property; Every bilinear homomorphism
¢ : X xY — Z lifts to a unique homomorphism ¢ : X @ Y — Z such
that ¢(z,y) = d(z @ y) for all z € X and y € Y. See [23] for proof.

2.2 Tensor products of vector spaces

The tensor product, X ® Y, of the vector spaces X and Y can be con-
structed as a space of linear functionals on B(X xY') in the following Way;
for x € X, y € Y we denote by z ® y the functional given by evaluation
at the point (z,y). In other words,

(zey)(f) =(f,z®y) = f(z, y)

for the bilinear form f on X xY. The tensor product X ®Y is the subspace
of the dual B(X x Y)* spanned by these elements. Thus, a typical tensor
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in X ® Y has the form u = ) - | a;z; ® y; where n is a natural number,

oeK ;e Xandy, €Y. )

We note a few elementary facts about tensors. First, ifu =),

=

105Z;QY;

is a tensor and f a bilinear form, then the action of u on f is given by:

u(f) = <f, Zai-’bi ®yi> = Zoqf(x,-, Y;)-
i=1 =1

We note that mapping (z, y) — z ® y is multiplicational on X x Y with
values in the vector space X ® Y. This product is itself bilinear, so we
have, for example,

() (z1+72)RYy=7:1 9y + 72y,

(ii) 55@(?/1 +92) =Ty +T Y,

(i) ez @y = (o) @y = = Q (ay),

(iv) 0@y=2®0=0. _

We note that u = Y- | &;z; ® y; can rewritten as u = . | T; Q ;.

Theorem 2.2.1. Let X and Y be vector spaces.

(a) Let Ey and E, be linearly independent subsets of X andY respectively,
then {z®y : z € Ey,y € Ex} is a linearly independent subset of X ® Y.
(b)) If By = {e; : i E I} and E; = {¢} : j € J} are bases for X and Y
respectively then By ® E; = {e; ® ¢ : ¢ € Ey, ¢ € Ey} is a basis for
X ®Y. (original proof in [15]).

Proof. (a) Suppose 37 | ;(z; ® y;) = 0 where z; € E; and y; € E,. Let
¢ and @ be linear functionals on X and Y respectively.
Consider the bilinear form defined by f(z, y) = ¢(z)¢(y). We have

Cu(f)=0
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and so

Zai¢($i)‘p(yi) =9 (Z Oéid’(ﬂ?i)yi) =0.

=1

Since this holds for every ¢ € Y*, we can conclude that
> aid(zi)y: =0,
i=1

and so by the linear independence of E; we have a;¢(z;)y; = 0 for every
¢ € X*. But, by the linear independence of Ej, each z; is nonzero and it
follows that a; =0, Vi. ‘ .
(b) From (a) we only need to show that F; ® E» spans X ® Y.

Let z®y € X ®Y such that z = 37 | oye; and y =Y 7", B;e;.

We therefore have

TQRY

Z ae; @ Z ﬂje.{i
=1

Jj=1

= Z ,Bj(z a,:ei ®¢€;)
=1 =

= D B al@ed)

j=1 =1

= Z Z CY,',BJ'(&' ® 6;)

i=1 j=1

Since z ® y was picked arbitrarily in X ® Y, any vector in X ® Y can be
expressed as a linear combination of the vectors e; ® e;-. We deduce that
E, ® E5 spans X ® Y. Therefore, £, ® E; isa basisof X @ Y. O

Theorem 2.2.2. The following are equivalent for u = Y .  z; ® y; €
XQ®Y.
())u=0

32



(i) Y d(x:)e(y:) =0, Ve X*, pe Y™
(#53) 35, d(z:)yi =0, Vo€ X
(i) > i o(y:)z; =0, V ¢ € Y*. (original proof in [15])

Proof. (2) = (i)

Since u =), z; ® y;, we note that

0 = u(f)

= <f, Z$i®yi>
=1

= Zf(zi, yi)

- Z¢($z)‘P(y;), V ¢ € X*, %) c Y*_
=1

Now,

Z¢($i)90(yi) =0, Vope X", peY™.

i=1

= (Z ¢(zi)yz-) =0, VpeY™

=1

= Z‘ﬁ(-’”i)%‘ =0, Ve X~
i=1

(7%2) = (iv)

From
Z¢($i)yi =0, Ve X*
=1
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we have

(2 (Z ¢($i)yi) =0, VpeY™.

=1
So .
S b@)ey) =0, VoeEX*, peY™.
=1
But, _
¢ (Z w(yi)mi) =0, Voe X"
=1
= Z(p(yi):l:,- =0, V pE Y*.
=1
(iv) = (¥)

Suppose > -, o(y;)zi =0, V¢ € Y*. Let f € B(X xY). Further, let
E, F be the subspaces of X, Y respectively spanned by {15008 Yo Tt s tin}
respectively and let B denote the respriction of f to E x F.

Choosing bases for the finite dimensional space FE, F' and expanding the
bilinear form B relative to these bases yields a representation for B of the
form B(z, y) = > 7., mj(z)7;(y) where 7; € E* and 7; € F*. See [7].
Now we may extend the domain of 7;,7; to all of X, Y respectively in
the following manner: choose algebraic complements , P, @ for E, F' re-
spectively, sothat X = E@ PandY = F® Q. Then, ifx =z, + 22 € X
with z; € E, z5 € P, let mj(z) = mj(z,). The functionals 7; are defined
in Y in a similar way.

We now consider B as a bilinear form on X x Y by using the representa-

tion of B given above. Now f and B may be different bilinear forms on



X x Y, but they agree on E x F. Thus we have

uf) = 3 flzam) -

i=1

= Z B(zi, i)
= Z Z ()73 (%)

i=1 j=1

- Z"rj (Z Tj(?li)-’li) =0 (by (w)).

=1 =1
Thus u(f) =0, Vfe B(X xY). O

Theorem 2.2.3. Let X andY be finite dimensional vector spaces. Then
X*®Y* =~ (X®Y)* via the isomorphism 7 : X*QY* — (XQ®Y)* defined
by (¢ ® )(z ® y) = d(z)p(y)-

Proof. (From [23]) We need to show that 7 is an isomorphism. Let us fix
¢ € X* and ¢ € Y™, and consider the map o4 , : X xY — K defined by

04,0(%, y) = d(z)p(y)-

This map is bilinear, and so by the universal broperty of tensor prodﬁcts

implies that there exists a unique linear map 64, : X®Y — K for which

G4,0(z ®Y) = 04,,(7,y) = D(z)p(y).

Thus 64, € (X®Y)*. Now we defineamapo: X* xY* - (X ®Y)*
by

0'(¢, (p) = &¢, P
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This map is also bilinear. For instance,

(ag + B)(z)¥(y)

= ap(z)P(y) + Be(z)Y(y)

= ao(9, ¥)(z, y) + Bo(p, ¥)(z, y)
= [oo(s, ) + Bo(p,¥)(z, y)

o(ad+ Bp, ¥)(z®Y)

and so

o(ag + Be, ¥) = ac(d, ¥) + Bo(p, )

which shows that ¢ is linear in its first cpordjnate. Similarly, it’s linear
in it’s second coordinate and hence bilinear. Therefore, the universal
property implies that there exists a unique linear map 7 : X* Q@ Y* —
(X ® Y)* for which

(6@ ¢) =09, ¢)

that is,

(0@ p)(z®Y) = (¢ ® ¢)(z ® Y) = Gpsu(T ® Y) = d(z)p(y)-

To show that 7 is an isomorphism, let B = {b;} be a basis for X, with
the dual basis B’ = {(;}, and let € = {c;} be a basis for Y, with the dual
basis € = {¢;}. Then

(P ® "Pj)(bz ® Cy) = ‘Pi(bz)"/)j (Cy) = ‘5i,m61’,y = 6(i,j)(z,y)

and so 7(p; ® ;) € (X ®Y)* is a dual basis vector to the basis {b, ® ¢, }
for X ® Y. Thus, 7 takes the basis {¢; ® 9¥;} for X* ® Y* to the basis
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{7(¢: ® ¥;)}. Hence 7 is an isomorphism. O

<

2.3 Tensor products of Hilbert spaces

Definition 2.3.1. Let H, K be Hilbert spaces. The pair (H ® K, 9),
where 4 : H x K — H ® K is a bilinear operator acting by the rule
(z, y) — z ®y, is called the Hilbert tensor product.

Theorem 2.3.2. Let H and K be Hilbert spaces. Then there is a unique
inner product (.,.) on H ® K such that

(t®y, 2 QY)=(z, )y, ¥) (z,2'€H, y,y €K).

Proof. (From [13]) If 7 and p are conjugate-linear maps from H and K,
respectively, to C, then there is a uni(iue conjugate-linear map 7 ® p from

H ® K to C such that

(r®p)(z®y)="1(z)p(y) (z€H, y€K).

If z is an element ofi a Hilbert space, let 7, be the conjugate-linear func-
tional defined by setting 7,(y) = (z, y).

Let X be the vector space of all conjugate-linear functionals on H ® K.
The map H x K — X, (z, y) = 7, ® 7y, is bilinear, so there is a unique

linear map 7 : H x K — X such that
T(r®Y) =707, Vz,v.

The map (.,.) : (H® K) — C, (2, 2) — n(2)(?) is a sesquilinear form on
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H ® K such that
(z®y,7 ®Yy) =(z, )y, ¥) (z,7 €H, y,y €K).

Ifz € HRK, thenz =37, z;®y; for some z1, ...,z, € H and y1, ..., Yn €
K. Let ey, ..., e, be an orthonormal basis for the linear span of yi, ..., yp.

Then z = X707 ® e; for some z}, ...,z € H, and therefore

(Z’ Z) = 2:;:1(37: ® e;, (B; ® ej)
= Il w5 e €5)

= Tl

Thus (.,.) is positive, and if (2,z) = 0 then z; = 0 for j = 1,...,m. So

z = 0. Therefore, (.,.) is an inner product. O

Theorem 2.3.3. Let H and K be Hilbert spaces and H ® K be the tensor
product between H and K such that x ® y is an element of H ® K where
z€H andy € K. Then ||z ®y| = |||yl

Note: This theorem was given in [13] as a note thus we have provided its

proof below.

Proof. We prove that ||z ® y|| satisfy all the axioms of a norm.
(i) Clearly, |z ®y|| >0and |zQy|| =0 <= z2®y =0
(ii) la(z @ y)ll = lelllzllllyl, Yz € H,y € K and a € K.
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We note that,

lz®yll? = (z®@y,z0y)
= (z,z){y,y)

= llel*lyll*

and by algebraic properties of tensor products we have
a(z®y) = (az ®y) = (z ® ay). So,

Il

la(z @ y)|I? {0z ®@y,az ®y)
= (az,oz)(y,y)
= |aPll?lyl?

= lefllz @yl

Therefore, [la(z ® v)|* = |af?||z ® y||*.
Taking square root of both sides we have, ||a(z ® y)|| = |a||lz||lly]|-
(iii) V z;1, zo € H and ¥y, y2 € K we have

l(z: ® 41) + (22 @ )|l < llz1 ® Y1l + [|72 ® wal-
Now, ||(z1 @ 1) + (22 ® y2)||2 =(Z1 QY1 +T2Q Y2, T1 Y1 + T2 ® 1a2)

= (Z19Y, 71 Qy) +(T1 ® Y1, T2 @ Yo) + (T2 ® Y2, T1 O Y1) + (T2 @ Y, T2 @ U)
= (z1, 1) Y1, Y1) + (T1, 2201, Y2) + (T2, 1) (Y2, 1) + (T2, T2) (v2, 92)

= [z *llwsli* + llz2*lyall® + (@1, 22) (y1, y2) + ({21, 72)) ({1, 92)

e llyall” + lz2l*llyall + 2Re(zs, z2) (y1, o).
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So by Cauchy-Schwarz inequality,

Iz ©u) + @ @w)IP < lloalPllsl? + lozPlel? + 2zl | lval

(lallll2ll + Hy 1)

ie (o1 @) + (22 ® o) I” < (lzallllall + llyallllyz)>.

Taking square roots on both sides we obtain

(1 ®y1) + (22 @ y2)l| < llallll2ll + Iy llll9ll

Therefore, [|(z1 ® y1) + (22 @ ¥2)|| < |71 @ 1]l + [|lz2 @ 32| O

Remark 2.3.4. If H and K are as in Theorem (2.3.2), we shall regard
H ® K as a pre-Hilbert space with the above inner product. The Hilbert
space completion of H® K is denoted by H ®K, and called the the Hilbert

space tensor product of H and K.

Lemma 2.3.5. Let H, K be Hilbert spaces and suppose that u € B(H)
and v € B(K). Then there is a unique operator (u®v € B(HR®K) such
that

(uév)(z ®y) = u(z) ®v(y) (z € H,y € K).

Moreover, ||[u®v| = |jull||v||.

Proof. (From [13]) The map (u,v) — u ® v is bilinear, so to show that
u®v: H® K — H® K is bounded, we may assume that u and v are
unitaries [13], since the unitaries span the C*-algebras B(H) and B(K).

If z € H® K, then we may write z = X7 ,z; ® y; where v, ...,7, are
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orthogonal. Hence,

n 2

Z u(z;) ® v(y:)

=1

= Z llu(z:) ® v(%:)||* (since v(3), --., v(yn) are orthogonal)

I(u ® v)(2)II?

Z )Pl (w)lI?

= |l2lI*

Consequently, ||lu @ v|| = 1.

Thus, for all operators u, v on H, K respectively, the linear map u ® v is
bounded on H ® K and hence has an extension to a bounded linear map
u®v on HRK.

The maps B(H) — B(H®K) defined by u — u ® idy (where idy is
identity in K) and B(K) — B(H®K) defined by v — idy ®v (where idg
is identity in H) are *-homomorphisms and therefore isometric. Hence

|lu®id|| = ||u|| and ||id®v]|| = ||v||- Therefore,

sl = [|(usid)(idv)|
< [ludid||idéw|
lufllv]l

Il

If € is a sufficiently small positive number, and if u,v # 0, then there are

unit vectors z and y such that

(@) > |lull —€>0
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le@)l > llvll —€> 0.

Hence,
lugv)(z®y)ll = lu@)llv@)I
> (llull = e)(llvll —¢)
= ludvll > (lull —e)(llvll —€).
As € — 0 we obtain [|[u®v]|| > ||lul|||v]|. ‘ O |

Theorem 2.3.6. Let T : Hi — Hj and S : K; — K5 be bounded opera-
tors between Hilbert spaces. Then there exists a unique bounded operator
T&S : H1®K1 — Hy®K; such that (T®S)(z®y) = T(z)®S(y) V= € Hy
and V' y € Ky. Moreover, ||T®S|| = ||T|||S|- (original proof in [8])

Proof. Since the algebraic tensor product H; ® K is dense in Hy ® K>,
there may exist at most one bounded operator satisfying the desired con-

dition. Further, by the identity ||z ® y|| = ||z||||y|| for the norm in the

s Hilbert tensor product, for this hypothetical operator T'® S we would

have from the definition of norm,

| IT®S|| > sup{|(T&®S)(z®y)|l : = € B,y € B, }

3 = sup{|T@NISW: = € B,y € B}
= ITIsIL

We must show that this operator indeed exists and ||T®S|| < ||T||||S|I-

We state the following lemma which gives a solution.
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Lemma 2.3.7. There ezists a bounded operator T®1 : HiQK; — Hy®K,
such that (T®1)(z®y) = T(z) ®y for all z € H, and y € K;. Moreover,
IT&1] < ||T||-

Proof. Consider the bilinear operator R : H; x K; — Hy®K, : (z,y) —

T(z) ® y. Suppose R’ : H; ® K; — Hy®K;. Take u € H; x K;, and a

representationu =y .. ¢i®yi. Without loss of generality, we can assume

that the system yq, ..., y, € K; is orthonormal.

The system z; ® Y1, ...,Zn @ Yo € H; ® K; and T(z1) @ y1, ..., T(z0) @
yn € H; ® K is orthogonal in Ho® K. Therefore, using the Pythagorean

equality we have

2

IR@I* =

Z T(z:) ® yi
=1

> IT(@:) © will?
= 2 ITE)I?
I 3 Nl

n

= Y el
i=1

= [Tl

IA

Thus, R’ is a bounded operator from the pre-Hilbert space H; ® K; to the
Hilbert space H,®K7, and ||R|| < ||T||. Extending this by continuity to
the whole H;®K;, we obtain the operator T®1 with required properties.

O
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Now we complete the proof of the theorem. Similarly to the lemma,
we obtain a bounded linear operator 1QS : Hy®K; — Ha®K; such that
(18S)(z ®y) = z® S(y) for all = € H and y € K; and [|1&S]| < T
Put T®S = (185)(T&1) : Hi®K, — Hy®K. |
By the multiplicative inequality for the operator norm, this operator is
bounded and ||T®S|| < ||T|||S|| but from the definition,

IT&S| = TSI so TS| = [ITIIS|- 0

2.4 Tensor products of operators

Let X, X', Y amd Y’ be vector spaces over the same field and T : X — X',

S :Y — Y’ be operators. Then there is a unique linear operator
TOS: XY -X'QY'

defined by

ToSEzRy)=T(x)®S(y), Vre X, yeY. | (2.4.1)

The function f : X xY — X'®Y" defined by f(z, y) = T(r)®S(y) is
bilinear and so by the universal property of tensor products, there exists
a unique linear operator T'® S for which equation (2.4.1) holds. The map
T ® S is called the tensor product of 7" and S.

Thus, we have a map 7 : £(X,Y) x £(X",Y’) - £(X ®Y, X' ®Y")
defined by
T(T,8)=T6S. - (24.2)
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This map is bilinear so there is a unique linear operator

0:£(X,Y)® &(X,Y) — X QY, X'®Y') ©
satisfying
IT®S)=TOS.

Lemma 2.4.1. Let 6 be as defined above, then 6 is injective.

Proof. (From [23]) First we note that any nonzero vector 7 € £(X, Y) ®
£(X’, Y') has the form

"IZiTi‘X’Si
=1

where both T}s and S;s are linearly independent. It suffices to show that
ker(0) = {0}. \
Suppose

0(n)=e(§"jn®si) 0.

Then
Y Ti(z)®Si(y) =0, Vze X, yeY. (2.4.3)

=1
Let us choose z € X so that T;(x) # 0, and suppose that T1(z), ..., Trn ()
is a maximal linearly independent set a,mbng Ti(z), ...; Tu(z). Thus, for

scalars 7, ;,

Tulz) = Z%,ﬂ}(ﬂi) foru=m+1,..,n.

=1
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Hence equation (2.4.3) gives

0 = zm:T,-cpS,-(yH ‘i ( rw-T}(z))®Su(y)b

u=m+1

2 T@) @ Siy) +_Ti(2) ® ( > ru,jSu(y)>

i—1 u=m-+1

Z:n-(z)@a(si(yn > ru,jSu(y)>

u=m+1

and since Ti(z), ..., Tm(x) are linearly independent, we must have

n

Si@)+ Y ruiSu(y) =0, Vi=1,..,m and Vy €Y.

u=m+1

Hence

S,' + i ‘T‘u,jSu == ()

u=m+1
which contradicts the fact that S}s are linearly independent.
Hence 6(n) # 0 and so 6 is injective. O

Remark 2.4.2. We note that if all vector spaces are finite dimensional,

then 0 is also surjective, and hence is an isomorphism [23].

Theorem 2.4.3. Let T € £(X, X') and S € £(Y, Y"). There is a unique
linear operator T ® S € £(X ®Y, X’ ® Y’), called the tensor product of
T and S satisfying (T © S)(z ® y) = T'(z) ® S(y). Moreover, there is a

unique njective linear operator

0:£(X,Y)®LX,Y) > XY, X' ®Y’)

16




satisfying
0(Te®S)=ToS.

See [28] for proof.

Properties of the operator TG S.
The operator T'® S is both linear and bounded.
(i) Linearity.

Themap T ©®S: X Q®Y — X' ®Y’ is defined by

TOS (Zz,—@y.-) =) T(z:)®S(w), Vz€ X, yeY.

Leta, eKand Y ! 2 ®yi, » . 2; Yy, € X®Y. Then

Il

T@S(aizi®yi) +ToS (ﬂizﬁ@y:)

i=1 i=1

T@S(aizi®yi+ﬂi:wﬁ®yﬁ)'
—i ;

=1

=~ o ZT(Q:,—) ® S(y:) + ﬂZT(xé) ® S(yl)

aT@S(iz,—@y,-) +W®S(ix§®y§) .
=1

=1

I

(ii) Boundedness.
We need to show that there exists a constant M > 0 such that,

Z$i®yi .

=1

||T®S(Z$i®yi) <M

i=1
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Now,

T@S(i:x,-@y,-) = ilT(zi)®S(yi) |
< _‘;T(wz-)w(yi)
< ;IIT(%)IHIS(%)II
< gnz‘uuxiunsunmn
< IS gj el
<

ITHISIN D = © will-
=1

(iii) The norm property of T © S

By definition,
ITes| = s |ITOS|) =ou
II 2?:1 Ii@ﬂi“=1 i=1
< . IS IljZ.-zl z:; ® )|l
1327 z:®usl=1 l Zi:l z; @ yil|
= [ITIS]-
Therefore,
1T o S| < ITNIS]- (2.4.4)

On the other hand,

IT ® S| = sup “T(ﬁs(zl L2l Y Y ni®%kEX®Y and YL, 5 ®
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y; # 0. It follows that

ITo S = @)l "o
1>°0 z: @ uill

ITo S| >

VYt zi®yu €eX®Y and ) . z; @y #0.

Hence

1T Sl > IS (2.4.5)

So by equations (2.4.4) and (2.4.5), we obtain

1T o Sl = lITHISI-

2.5 Tensor product of normed spaces

Like in vector spaces, maps between normed spaces are bilinear. If

X, Y, Z are normed spaces over a field K, then B(X, Y;Z) is the set

of bounded linear mappings from X x Y to Z.

Definition 2.5.1. Let X, Y be normed spaces over K with dual spaces
X', Y. Givenz € X and y €Y, let z®y be the element of B(X’, Y’ ; K)
defined by .

Tty = f(z)g(y) (feX, geY’).

The algebraic tensor product of X and Y is defined to be the linear span
of {®y:ze€ X, yeY} e B(X", Y'; K).
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2.5.1 Projective tensor norm

Definition 2.5.2. Given normed spaces X,Y, the projectiVe tensor

norm p on X @Y is defined by
p(u) = inf ) Jlzillllall : u = z: @y}

where the infimum is taken over all (finite) representations of u.

Lemma 2.5.3. The projective tensor norm p is a norm on X ® Y and
(i) p(u) > w(u) (v € X ®Y), w is weak tensor norm,
(i) p(z ® y) = ||lz||l|lyll, = € X,y € Y. For proof see [12].

Remark 2.5.4. The completion of (X ®Y, p) is called the projective tensor
product of X and Y and is denoted by X ®, Y.

2.5.2 Haagerup norm

The Haagerup norm is a very important operator space cross-norm. The
motivation was the consideration of operators of the form ¢(a) = X7, u;av;
for a € A where uy, ..., up, v1, ..., v, are some fixed elements in A [1, 6].
These operators result from the action of ¥ ,u;®v; € AQ A? on A(where

A js the C*-algebra A with the reversed product). If A C B(H) then for
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&,m € H where ||€]| =1, ||n|| = 1, the Cauchy-Schwarz inequality implies

<2n: u;av;€, Tl>
=1
<zn: avi&’ u:’l>

=1

(Z nav,-suZ) (_Z llu;‘nllz) .

Further, [lavg]| < [la||||vi€]| and

[(¢(a)é,m)| =

IN

Sl = Y (wié,vié)
=1 i=1

n

= Y (& vjug)
i=1
< 1S ool
=1
Similarly,
D llgnll® < | war|| lInll*
=1 =1
So,

a

€Nl

1
2

l{¢(a)é, m)| < llall

n n
D wa|| D g
=1 i=1

1 1
Hence, [|6]] < || 225 w211 22, lvfvill=.

For the reverse inclusion, we may also allow infinite (countable) sequences

of u; and v; provided that ) . | u;u} and 3, v}v; are norm convergent.
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Therefore, the natural definition following from these considerations is

|lt]|n = inf {

We show that Haagerup norm is actually a norm. To do this, we show

1 1
2 2

n
E uu;
i=1

n
z : *
=1

=1

- neN,t=Zui®v,eA®B}.

that it satisfies the properties of a norm.

(i) We note that ||t]|, = inf {|| D", a; ® b;]|} . So clearly, ||t||» > 0 and
¢l = 0 if and only if ¢ = 0.

(if) We show that V a € K, ||at||n = |a|||t]|x-

Now,

N

latln = inf{’Z(aai)(aai)*

n 3
= inf E a,-a’;
i=1

= inf{lal2
= |a|inf{

= lafllt]l.

!
}2

1

;

'

(lil) If t, t’ S B(H)@B(H) then \7’ {= Z?:l a,-1®b,-1 a.nd tl == Eiu_:l ai2®b§2,
e+ ¢lln < lelln + [1¢']]- ‘

En: bb;
> (ab})(aby)

i=1"
i a,—az‘ i b:b,
=1 i=1

i bibi

n
E a;a;
=1 i=1
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Now,

ll# +¢'lln

Il

nf {
ot {
ot {

' i ai1 ® bi
i=1

(Brrs)s (Ems)l

=1
Zn: a;1 ® by z": a2 @ bjo }
i=1 i=1
}+iﬂf{ i:aa@bﬂ
=1

_|_

}

£l + 11¢'lla-

(iv) If ¢, ¢ € B(H) ® B(H) then [[t¢'||» < [[tlla]|¢'|ls-

Now,

iza Il

Il

mf{
ot {
mf{

(Z a;1 ® bil) (Z ap ® bi2) }
i=1 i=1

Z a; ® b Z a2 ® bjo }

i=1 i=1

Zn:a.,-l ® b; }mf{ ia&@biz
=1 i=1

}

[I£l1a 112 1ln-

The upper bound therefore, is given by ||T'|| < ||>°; @i ® b;|| in terms of

the Haagerup norm ||.||, on B(H) ® B(H). The equality holds when the

operators a;a; commute and b}b; commute [27].

In the next theorem we use the following notations. For n, £ € H we use

17 ® &* for the rank one operator on H with (n®&*)(0) = (0,&)m.

Theorem 2.5.5. For T € e¢(B(H)), Tx =Y., a;xb;, we have

|IT|| = sup

Z(plai) ® (bzp2)“

pup2 |5
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where p;,p2 € B(H) are rank one projections (p? = p; = p; (1 =1,2))
(original proof in [27]).

<

Proof. Let p; = £ ® & and p, = 1 ® 17* be one dimensional projections

(where 7, £ € H are unit vectors). We look at the operator

Ty () = Z(plai) ® (bip2),
i=1
an operator with a one dimensional range. Specifically it is the operator

z = ((Tz)n,€)¢ ® n"

and thus a linear functional.
For this operator, (p;a;)(pia;)* are commuting and so are (b;p2)*(b;p2).
Hence

1T 1021l = Z(plai) ® (bip2)
i=1

h
Alternatively, the norm of a linear functional is the same as its completely
bounded norm, hence || T}, || = || Tp; p2llev = the Haagerup tensor norm
for T of the form T'= )"}  a; ®b;.

Clearly,

IT| = sup{|T=|: = € B(H), ||| <1}
= sup{R((Tz)n,€) : = € B(H), ||lzl| <1, 7, § € H, €] = |Inl| = 1}
= sup {R((Tp, )0, €) - € B(H), ||zl <1, 7, £ € H, ||l = [In]l =1}

= Sup “Tmm“~
P1,P2
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Since [Ty, ;]| < I, then

Z(Plai) ® (bipz)ll - -

IT|| = sup
P1,p2

2.6 Tensor product of C*-algebras

Theorem 2.6.1. Let A, B be normed algebras over K. The’r‘é erists a
unique product on A ® B with respect to which A ® B is an algebra and
(e®b)(c®d) =ac®bd (a,c € A, b,d € B). See [13] for proof.

We note that A ® B endowed with multiplication is called the algebra
tensor product and A ® B together with an involution the *-algebra
tensor product [12].

The norm of a C*-algebra is unique in the sense that on a given *-algebra
A there is at most one norm which makes A into a C*-algebra [13]. We
consider two types of norms and we determine the relationship between

them.

2.6.1 Spatial norm

The norm ||.||» defined by the inclusion A ® B C B(H) ® B(K) C
B(H®K) is called the spatial norm, assuming that A and B are faith-
fully represented on Hilbert spaces H and K respectively. This norm was
introduced by T. Turumaru in 1953. The definition does not depend on
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particular representations of A and B, that is, Vi€ AQ B

Itll= = 110 ® 9(t)|| Brok)

for any two faithful representations @ of A on H and ¥ of B on K.
First,we show that the spatial norm is actually a norm. V¢t € A® B, we
have ||t||» = [|6 ® ¥()||BroK) Which defines a norm.

(i) Clearly, ||t]|x > 0 and ||t||x =0 if and only if ¢ = 0. i.e

16 ® 9)tllprrox) > 0 and

[|(6 ® V)t||Baek) = 0 if and only if ¢ = 0.

(i) We show that ||ot||r = |of||t|lr, Va € K.

Now,

lathe = 110 ®¥)(at)llsuex)
(8 ® ) (8) | pearsrcy
o] [|(0 ® 9) ()| pars)

| [[#]]-

(iii) We show that ||t + sl < ||t]lx + ||sll«-

t+slle = 110 ®9)E+5)|pwer)
1(6 ® 9)(t) + (0 ® 9)(s)|| o)
< 16 ® B)(®)lpEex) + (0 ® 9)(s) || sEer

l[Ell + ]l

I
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(iv) Lastly, we show that ||ts||x < ||t]l<|ls]|-

lItsll= = [1(6 ® F)(¢s)||Bmex)
= [[(0 ®9)(¢)(0 ® 9)(s)llpmsK)
< 10 ® 9) (@)l Brex) (0 @ 9)(s)|| Brek)

= [tllxlsll-

2.6.2 Maximal C*-norm

The second natural norm on AQ B was introduced in 1965 by A. Guichardet.
It is the mazimal C*-norm ||.||, defined as:

IItll, = sup{||7t|| : T is a subtensor representation of AQB}, for t € AQB.

Next, we need to show that maximal C*-norm is actually a norm i.e it

must satisfy all the properties of a norm.

(i) Clearly, ||t]|, = sup{||7t|lp)} > O and ||t||l, = O if and only if
t=0,Vte AQ B.
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(ii) We show that ||at||, = |a|||t]l,, Va € K.

latll, = sup{|lart| : 7 is a subtensor representation of A® B}, for t € A® B.

= sup{ aTZ:Ei@yi }
i=1

= sup{ Zan(?i)@”z(yi)

= lalsup{ > (@) @ a(y:)
=1
= le|lltl,, YeeK.

}

(iii) We let z;, z; € A, v;, ¥, € B, thenfor t =) | ; ® y; and
s=Y 1,7 ®Y, we have,

lt+sll. = sup{||7(¢t+ s)| : 7 subtensor representation of A® B}, fort€ A® B.

}

PILTCALEN

= sup{||7(t) + 7(s)llsn } |

= sup { lz T1(z:) ® Tz(?li)] + [Z 71(2}) ® 72(1‘/:)]
< sup { Zﬁ(zi) ® T2(y:) } + sup { }

= [t + lIsll.-
(iv) Lastly, we show that ||ts]|, < |||l.||s]|.. We let z;, . € A, v, ¥ € B

== I
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thenfort=3 " ,z;®y; and s= )" ; 7} ® y;, we have,

Ii£sl.

Il

sup{||7(ts)|| : T subtensor representation of A ®)§}, forte A® B.

sup{||7(t)7'(s) |l B }

sup{||7 (Z T ® y) 7 (Z i ® yﬁ) B}
sup { [Z Tl(xt) ® T2(y: ] [Z EAR Tz(y,)}

b

ZTI($i) ® 72(y:) Z 7 (z;) ® 75(y})

£l {151l

}

2.6.3 Relationship between spatial norm and maxi-

mal C*-norm

Theorem 2.6.2. Let A, B be C*-algebras. There is a minimal C*-norm

(IItllx) and mazimal norm (||t||,) such that any C*-norm (||t||) on A® B

must satisfy ||t]|x < ||t]] < ||tllo. (This is @ known result but no proof has
been found).

Proof. We denote by A®, B (resp. A®,B) the completion of A ®, B for

the norm (||¢||) (resp. A ®, B for the norm (||¢||,))).

The maximal norm is described as ||t||, = sup ||¢(¢)||p) where the

supremum is taken over all possible Hilbeft spaces H of all possible *-

homomorphisms;

¢: A® B— B(H).

For any such ¢ there is a pair of *-homomorphisms ¢; : A — B(H)
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(¢ = 1,2) with commuting ranges such that,

é (Z T ® yz) = Z¢1(fﬂi)¢2(yi)» .

Conversely, any such pa,ii‘ ¢i: A— B(H), ¢; : B— B(H) (1 =1,2)
of *-homomorphisms with commuting ranges determine uniquely a *-
homomorphism ¢ : A® B - B(H) by setting ¢(z; ® ¥;) = ¢1(xi)p2(v:)-
Thus we can write fort = Y. | z;®y; € AQB, ||t|l, = sup{d>_., ¢1(z:)P2(v:)}

where the supremum runs over all possible such pairs. The inequality

ll#ll < 1f#ll .

follows by considering Gelfand- Naimark embedding of the completion of
(A® B, Ht”) into B(H) for some H [13]. The minimal norm can be de-
scribed as follows; embedding A and B as C*-subalgebras of B(H;) and
B(H,) respectively. Then forany t =) ", ;®y; € AQ B, ||t]| coincides
with the norm induced by the space B(H; ®). H2) that is, we have an
embedding (an isometric *-homomorphism) of the completion denoted by
A®,.B into B(H, ® H;).

In other words, the minimal tensor product operator spaces, when re-
stricted to two C*-algebras coincides with the minimal C*-tensor prod-
uct.

Let (Cy,D;) be another pair of C*-algebras and consider completely
bounded maps f;: A —C and f;: B— D. Then f1; ® fz defines a com-
pletely bounded map from A®, B to C®D with || fi® falle = || f1lles || foles-
In sharp contrast, the analogous property does not hold for maximal ten-

sor products. However, it does hold if we assume further, that f; and fo
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are positive and then the resulting map f; ® f» is also completely positive

(on the maximal tensor product) and we have

<

11 ® f2(W)lloe, o < Ifilll f2lllltl] g, 8, Vi€ A®B.

61



Chapter 3

NORMS OF ELEMENTARY
OPERATORS

3.1 Introduction

In this chapter we concentrate on the norms of elementary operators,
especially on the lower estimate of these norms. We refer the reader
back to the introductory chapter for historical background on elementary

operators and other important definitions used in this chapter.

Definition 3.1.1. Let H be a Hilbert space and B(H) the algebra of
bounded linear operators on H. Then T : B(H) — B(H) is an elementary
operator if T" has a representation T'(z) = Y-, a;zb; where a;, b; are fixed

in B(H).
Remark 3.1.2. An elementary operator is a bounded linear operator.

To see this, let z, y € B(H) and a, 3 € K then for a;, b; fixed in B(H)
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we have,

T(az+By) = Y aoz+ By)b;
i=1

n

= Z(aaiz + Ba;y)b;

i=1

= i(aaixbi + Ba;yb;)
=1

= 5’1: Qaifl?b,; e i ﬁa,—yb,-
i=1 i=1

= « Z a;xh; + ﬁz aiybi
=1 =1
— of(x) +6T).

Hence the operator is linear. To prove that 7" is bounded, we need to show

that there exists a constant M > 0 such that ||T'(z)|| < M||z||, Yz € H.

Now,
IT@)I = |[D azh
=1
< > llasabi|
=1
< 3 llaillialliz].
=1
So
k .
1T <> Nlalll:ll - (3.1.1)
=1

Let >0, |las||||bs]] in equation (3.1.1) be M, then the equation reduces
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to ||T(z)|| < M||z|| V z € H. Therefore, T is a bounded linear operator.

3.2 Overview of the norm problem

The norm problem for elementary operators involves finding a formula
which describes the norm of an elementary operator in terms of its co-
efficients. Therefore, finding the norm of elementary operators has been
considered by many authors (see [3, 4, 22, 26]). Timoney [27] came up .
with a formula for the norm of an elementary operator on a C*-algebra,
involving matrix valued numerical ranges ‘and a kind of tracial geometric
mean. Our concern has been be to investigate the lower estimate of these
norms since the upper estimates are easy to find as we observe in the next

lemma.

3.3 Main results

Lemma 3.3.1. Let T : B(H) — B(H) be the elementary operator such
that T has a representation T'(z) = Y ., a;zb; where a;,b; are fized in

1=

B(H) and = € B(H). Then ||T| < 320, lla:/|[|b:]]-



Proof. We have

IT@I = Zwb )
< 3 asobi]
=1
< 3 etz
=1
Clearly, [|T|| < Y1, llasllfbs]l- ks

Ezample 3.3.2. Let U, p(z) = axb+ bxa be an elementary operator where
n = 2 then [[t|| < 2]al[]|b]-

To see this, we note from Lemma (3.3.1) that,

()| = llazb + baal|
< [lazb| + [jbza]|
< llalli=lllol + llolll=(llel-

Clearly, ||| < 2]ja]||b]]-

3.3.1 A general norm inequality

For two C*-algebras A and B a linear operator T' : A — B is called
positive if Ta > 0 whenever a € A. For other conditions on positivity

of T, see [28]. The following lemma introduces us to a general norm

inequality.
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Lemma 3.3.3. Let a and b be positive operators on A. If T is the operator

& ¢
matriz on A D A defined by T = then
c b

17| < max{ljall, |Ibll} + llc]l-

’ [ a 0 } I 0 ¢ ]
T = + (3.3.1)
0 b c 0

By the definition of maximal norm of matrices [16, 17, 18], if M, , is the

Proof. We write

set of all n x m matrices over (C or B), then for D € M, ,,

| Dllmax = max; ; |a; ;| where a;; € D (i=1,...,n, j =1,...,m).

Now, ) )
a 0 0 ¢
1Tl = [ + } (3.3.2)
0 b | K 0
[ a 0 0 ¢ ]
17 < ] -+ (3.3.3)
I 0 b c 0 j
a 0 ]
Therefore, |: = max{|lal|, [[6]]}.
00 |
0 ¢ ]
Similarly, [ o 1= max{|lc][, [lc*[|} = llell (since |lcl| = lle*]))-
Hence ||T'|| < max{]|al|, ||} + [l]- O

Remark 3.3.4. The norm of the operator M, + M, 4 is usually very
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difficult to compute (see [25, 26, 28]). The following theorem gives a

more useful insight.

<

Theorem 3.3.5. If a,b,c and d are operators in B(H), then

M+ Mea < [(max{|[o], |d|*} + }ba" |} (max{|a], llc*} + llc"all)] ?
See [5] for proof.

Theorem (3.3.5) leads to the following important properties of operators.’

Corollary 3.3.6. If a,b € B(H), then the following properties hold:
(1) lla+ bl < 2 (max{[la|l?, [|6]I*} + [[b*al)) ,
(2) llaa” + bb*|| < (max{|lall?, 6]} + [[bal]) -

Proof. The inequality in (1) follows from theorem(3.3.5) by letting b =
d = I. The second inequality follows by letting b = a™ and d = c* in the

same theorem. O

Theorem 3.3.7. Ifa,b € B(H), and let a ® b denote the tensor product
of a and b then ||a ® b+ b ® al| < 1/2||al]?||8]|? + 2[|b*a|2.

Proof.

le®b+bRal> = (a®b+bRae,a®@b+bRa)
= (a®b,a®b)+ (a®b,b®a) +(d®a,a®b)+ (h®a,b® a)
(a,a){ b,b) + (a,b)(b, a) + (b, a)(a,b) + (b, b)(a, a)
lall* 16l + % lall* + (a, b (b, a) + ({a,8))((b, @), for (a,b) = (b, a)
llal®lB]1* + I6]1*llall* + 2Re(a, b) (b, a)
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So by Cauchy-Schwarz inequality,

l@a®b)+@E®a)* < lal’lbl + [6]*lal? + 2lalIb]lbllal
= 2al*[lell* + 2lall lol 16l |all-

Therefore,
I(a®b) + (@ a)ll* < 2llall*[it]]* + 2llall[llIb]l [ all (3.3.4)

But ||b]| = ||b*|| so replacing ||b]| by ||b*|| in the second summand on the
right hand side of equation (3.3.4), we get

la®b+b@al® < 2[lal*|lb]* + 2/6"al|*

Taking the positive square root on both sides yields

le®@b+b®al < \/2l|aH2IIbII2 +2[bral|*.

Alternatively,

la@b+b®al? = 2(max{lla®b|? [Ib®al?} +|(b® a)* (@@ b))
< 2 (max{[lal?[I6]1%, [BI2lal?} + 1®* ® a")(@ @ B)]])
< 2|lal?[lp]]® + Ib*a ® a"b|
< 2|lal[B]? + 1ball[la"bl)
< 2llal[Ib]? + 21[6%al?.
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Taking square root on both sides we have,

le®b+b@al < \/2llaII2Nbll2 +2||b*al.

Lemma 3.3.8. Ifa, b€ B(H), then
e, sl < [(lalllbll + b D (UlalllBl] + [6*all)]z. (3.3.5)

In particular, if ab* = b*a = 0, then ||U, || = ||al||lbll. See [5] for proof.

3.3.2 The Complex Hilbert space case.

In this subsection we concentrate on a complex Hilbert space over the field

K. We show that for a basic elementary operator M, |M|| = ||al|||?]|-

Definition 3.3.9. Let ¢ € H* and £ € H. We define (¢ ® £) € B(H) by

(@@&n=9¢Mm), V € H.

Theorem 3.3.10. Let H be a complex Hilbert space, B(H) the algébm
of bounded linear operators on H. Let M, : B(H) — B(H) be defined by
M, y(z) = axb, Vx € B(H) where a, b are fizred in B(H). Then |M,;| =
llalllloll- |

Proof. By definition, ||M, | B(H)|| = sup {||M.s(z)|| : = € B(H), ||z|| = 1}.
This implies that | M, | B(H)|| > || Map(z)||, Yz € B(H), ||z|| =1.
SoVe>0, ||Mys|B(H)|| — € < || Map(2)|, VZ € B(H), ||z|| = 1.
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But, [|Mos|B(H)|| — € < |lazb|| < [|al|[|z][[[bl] = [|al[|?]]-
Since € is arbitrary, this implies that

| Ma,| B(H)I| < lalll|®]]- (3.3.6)

On the other hand, let £, n € H, |¢||=|nll=1, ¢ € H*.
Now, |

[Map| B(H)|| 2 |Map(2)| : V& € B(H), ||lz|| = 1.

But,

[Mop()l| = sup{[|(Map(z))nll : Vn € H, |In|| =1}
= sup{||(azb)n| : n € H, ||l =1}.

Settinga = (¢ ® &), V& € H, [|&]| =1 and
b=(p®&), V& € H, ||&|| =1, we have,

[Mop| B(H)|| = [[Map(2)]| = [|(Map(2))nll
= [[(azb)nl|
= [[((¢®@&)z(0 @ &)l
= (¢ ®@&)z(emE)|
= [[(e®@&)emz(&)ll
= lemIll(¢® &)z(&)ll
= lemlllo(z(&))ll
= lemlloz(&)l&|
= llallll®]-
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Therefore,

1 Map| B(H)|| = lall]|?]]-

Hence by inequalities (3.3.6)and (3.3.7),

| Ma,o| B(H)I| = [lalll|®]]-

This completes the proof.
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Chapter 4

CONCLUSION AND
RECOMMENDATION

In this last chapter, we draw conclusions and make recommendations

based on our objective of study and the results obtained.

4.1 Conclusion

We summarize our work by highlighting the results obtained in our study
pertaining to the pr'obl(?m‘stat_ed in section 1.5..

Our objective was tovdetennine the lower estimate of the norm of‘ the
basic elementary operator through tensor products as stated in section
1.6. In chapter one, we gave basic definitions and concepts which were
essential to our study. In chapter two, we considered the spatial norm,
projective norm, Haagerup norm and the maximal norm. We have shown
the relationship between spatial and the maximal norm.

Lastly, we have shown that for the basic elementary operator M,

1M1 = lllllioll-
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4.2 Recommendation.

Norms of elementary operators is a very interesting area bof study in
mathematics and has not been exhausted. In our case we considered
a basic elementary operator. Efforts thus can be directed on determin-
ing the lower estimate of the norm of the Jordan elementary operator

(Uy p(z) = axb+bza) acting on two or higher dimensional Hilbert spaces.
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