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Abstract. The quantum dynamics of a two-mode non-resonant parametric down-
conversion process is studied by recasting the time evolution equations for the basic op-
erators in an equivalent spin equation form with simpler exact solutions for a pump field
with harmonic time dependence. Expectation values of suitable operators for studying
important features such as squeezing and quantum revivals are presented in simple forms.
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1. Introduction

We consider a model of non-degenerate parametric down-conversion process com-
posed of two coupled linear harmonic oscillators described by a two-mode Hamil-
tonian of the form

H = hw, (a*a + ;) + Ty, (6*8 + ;) +il(g(t)ab — g* (t)aTbl), (1)

where (a,a') and (b,b') are the annihilation and creation operators of the oscil-
lators, while the time-dependent coupling parameter g(t) describes an arbitrary
classical pump field.

The model described by the Hamiltonian in eq. (1) has been widely studied in
quantum optics, particularly under resonance conditions [1-3] where the time evo-
lution equations are easily solved. The more general non-resonant two-mode para-
metric down-conversion process was studied in detail by Rekdal and Skagerstam [4].
The Lie algebraic method was applied to solve the equation for the time evolution
operator within the interaction picture. Besides providing the desired solutions
in terms of fairly complicated expressions, the method also involves application of
operator expansion theorems, making the calculations quite tedious.
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In the present paper, we develop a simpler approach by considering that the basic
operators of the coupled system are the annihilation and creation operators whose
time evolution can be determined directly through Heisenberg’s equation,

ih—= =[Q, H(t)], (2)

for an operator Q. In this respect, we set Q = a; bt and use H(t) from eq. (1) in
eq. (2) to obtain the time evolution equations,

in9% _ h(wea — g (0)B), (3a)
dt

 dbf e

zhg = —h(wpb" +ig(t)a). (3b)

We solve these equations through a matrix method, which provides an appropriate
time evolution matrix.
Introducing a matrix,

A—(g‘;), (4)

we express egs (3a) and (3b) in the matrix form,

_dA
ih—— =H(t)A, (5a)

where the matrix

H(t) :h( Wa ig*(t)>, (5b)

—ig(t) —wy

plays the role of a time evolution generator.

1.1 Equivalent spin equation

Introducing the Pauli matrices

(0 1Y (0 =i\ (1 0
e (V) (0 ) (0 ) e
a+zaw+iay:(8 §>’ UZUI—iO’y=<g g), I:((l) (1)>

(6b)

with

1312 Pramana — J. Phys., Vol. 71, No. 6, December 2008



Non-degenerate parametric down-conversion

1 0 0 0
0'+0‘:4<0 0):2([4—0‘2); go‘+:4(0 1):2([—0'2),
(6¢)
we express the time evolution generator H(t) in eq. (5b) in the interaction form
1

1 1

= %hAI + hB(t) - 3, (7a)
after defining
A=w,—wy; E=w,+wy (7b)
and introducing a vector B(¢) and a Pauli matrix vector ¢ defined by

1

B(t) = (—igR(t), —igi(t), 2E’) i 0 =(0g,0y4,0:), (7c)

where gr(t) and gi(t) are the real and imaginary parts of g(¢) defined as usual by
9(t) = gr(t) +igi(t);  g*(t) = gr(t) —igi(?). (7d)

The time evolution generator H(t) is seen to be equivalent to the Hamiltonian of

a spin-1 or a two-level system interacting with an external field [5,6] B(t). The

interaction is characterized by the pump parameter g(¢). This means that eq. (5a)

is a spin equation governing the dynamics of a spin-% or two-level system equivalent
1

to the non-degenerate parametric down-conversion process. Such spin-3 or two-level

systems constitute qubits for implementation of quantum computation [7-9].

2. General solution

The desired general solution to eq. (5a) can be obtained by specifying the form of
the pump parameter g(¢) and then applying the usual procedures for solving spin
equations of similar form. Following ref. [4], we consider the pump parameter to
have harmonic time dependence in the form

Twt —iwt,

g(t) = ge™"  g*(t) =ge™™"; g =lg(t)| = constant, (8)
which we use in eq. (7a) to express the time evolution generator in the form
1 1 i iwt —iwt
We move to the rotating frame through the application of a unitary matrix

T(t) = e3¥t%=;  TT(t) =T () = e~ 3%17= (10)
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so that under the unitary transformations (equivalent to rotation through wt about
the z-axis),

- . _ Tt

A=TA;, A=T'A;, H=THHT — ithd—t, (11)
we express eq. (5a) in the form

d4A  _ -

ih— = HA. 12

ih (12)
Noting that

i swt
T =eswtos = [ ©° O0.): rr=1rt=1, (13)
e w

we easily obtain

To. TN =0.; Te:¥io Tt = o_; Te_%.‘”to+TT =0y, (14)

which we use in eq. (11), with H(¢) as defined in eq. (9) to obtain
— 1 1 .
H= ghAI + gh(E —w)o, — ihgo,. (15)

With all parameters A, E, w and ¢ constant, the time evolution generator H in
the rotating frame is time independent.
We put H from eq. (15) in eq. (12) and then introduce

D=w—-—F=w—w, — wy; 52 <—g70a;Q)> (16)
to write

dA i - -

— = —-=ATI oA 1

Y ( N a> , (7)

which is easily integrated to obtain
A(t) = e~ 58t 9 (). (18)

We use a standard result [10],

B3t — T cosh Bt + 3+ &sinh Bt, (19a)
where

_ 2 2 2. Azg. A,ﬂ:1<;Q —g)

B=\/Bz+06;+082 B ik g G\g i (19b)

We use 3 from eq. (16) to obtain
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b=t /T- % k=L (19¢)

2g

which on substituting into eq. (19a) gives

B cosh 5t + ZE sinh (3t _J sinh Gt
ot . .25 B a . (20)
_B sinh Gt cosh Gt — 2% sinh Gt
Multiplying eq. (18) by Tf(¢) from the left and using eq. (11) together with
T(0)=1; A(0)=TT(0)A(0) = A(0), (21)
we obtain
A(t) = U(t)A(0), (22a)

after introducing a time evolution matrix U(t) defined by
U(t) = e 32T ()77 U(0) = 1. (22b)

We apply eq. (13) for T7(¢) and then use eq. (20), together with the definitions,
Q. 9 .
p(t) = cosh Gt + Zﬁ sinh 8t;  v(t) = 3 sinh f3¢, (23)
to express the time evolution matrix in eq. (22b) in the form

— 1 (Q42wq )t — 1 (42w, )t
Jo v(t)e™ ) : (24)

_ [ nlt)e
U(t) - ( V(t G%(Q+2wb)t M*(t)e%(ﬂ-‘rwa)t

where we have used
WHA=Q42w,; w—A=Q+ 2w,
according to the definitions in egs (7b) and (16).
Using eq. (24) in eq. (22a) with mode operators at initial time denoted by

a(0) = a, b1 (0) = b, we obtain the general non-resonant solutions to eqs (3a) and
(3b) in the form (u = p(t),v = v(t)),

a(t) = e—%(9+2wa)t<ud +ubly;, b)) = e%(ﬂ+2wb)t(u*BT + va). (25)

These solutions take much simpler form compared to the solutions obtained in ref.
[4] through the Lie algebraic method. The results are valid for all values k? = 0,
k? <1, k% =1, and k% > 1, in accordance with the definition of 3 in eq. (19c).

We now check the consistency of our solutions. We start by considering resonance
as a special case. Under resonance, we have

w=wet+wy, =0 k=0; [f=g, (26)
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which we use in egs (23) and (25) to obtain the resonant solutions
a(t) = e~ ™at(cosh(gt)a — sinh(gt)b");
b (t) = e™*t(cosh(gt)b" — sinh(gt)a), (27)

which agree exactly with the result obtained in ref. [4]. We observe that factors
e~ wal and e™*! have been left out in writing down the final results in ref. [4],
even though these factors occur in the expressions at intermediate stages of the
calculations.

Next, we take appropriate (Hermitian) conjugations of eq. (25) to obtain

al(t) = ed T2t (ot vy b(t) = e 3T (b +at), (28

where v*(t) = v(t) in accordance with eq. (23). We then use eqs (25) and (28) to
obtain

[a(t), &' (6)] = [b(¢), b' (1)) = |u(t)* — v*(2), (29a)

at(1)a(t) — b (0b() = () — v3(@)(@a — b1b). (29b)
Using eq. (23), with 82 = g% — %2 from eq. (19¢), we obtain

(@) = v2(t) =1, (30)
which in egs (29a) and (29b) leads to the desired consistency results,

[a(t).a'()) = 1; [b(t),0"(1)] = 1, (31a)

at(t)a(t) — b (£)b(t) = aTa — bTb = constant. (31b)

The first of these consistency conditions, eq. (31a), is the fundamental quantum
commutation bracket which must be satisfied at all times, while the second condi-
tion in eq. (31b) governs the simultaneous production of signal and idler photons
in the parametric down-conversion process.

2.1 Photon statistics

We now apply our results to perform calculations of expectation values character-
izing photon statistics. The photon number operators for the two modes are given

by
halt) = 4T (0a(t); () = B (b(), (32)
where (a(t), bt (t)) and (af(¢),b(t)) are given in egs (25) and (28), respectively.

Working in the Fock state |n),|m), = [nm) for the two modes, we easily obtain
the mean photon numbers, defined by
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fq(t) = (mn|ig(t)|nm);  ap(t) = (mn|ng(t)|nm) (33)
to be

fia(t) = |ul*n + 2 (m+1);  np(t) = [ul*m + > (n+ 1), (34a)
giving

Ra () + ip(t) = |l (0 +m) + (0 +m+2); 7a(t) = i(t) = n —m,

(34b)
where we have used eq. (30) to obtain the second result in eq. (34b).
To calculate photon number fluctuations, we introduce notations
n?(t) = (mn|nF(t)|nm), j=a,b,
with normal order forms,
n2(t) = (mn|a(t)a® (t)nm) + na(1), (35a)
ni(t) = (mn|bt2 ()02 (t)|nm) + 7ip(t). (35b)
Applying egs (25) and (28) we obtain
(mnla®(t)a® (t)lnm) = |pl"n(n — 1) + 4pl*v?*n(m + 1)
+vt(m +1)(m + 2) (36a)
(mnlb2 (£)6% (1) ) = [l *ma(m — 1) + 4ljavPm(n + 1)
+v(n+1)(n +2), (36b)

which we put in egs (35a) and (35b) to obtain

2(t) = (1a(1))? + fa(t) — lul*n + 2|ul*v?n(m + 1) + v (m + 1), (37a)

nZ(t) = (Mp(t)® + my(t) — |ul*m + 2lul?v*m(n + 1) + v*(n+1).  (37b)
Using eq. (30) to substitute |u|? = 1+ 12 in eqs (34a), (37a) and (37b), we express
na(t) =n+vin+m+1); np(t) =m+rvi(n+m+1), (38a)

—|pl*n + 2lul*v?n(m + 1) + v (m + 1)
=20%nm + vt (2nm +n+m+1) —n, (38b)

—|pl*m + 2lpPrm(n + 1) + v (n + 1)
=2v%nm +v*2nm +n+m+1) —m. (38¢)
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The photon number fluctuations

(An;(1)* = n3(t) — (7;(1))%, j = a,b
are then easily obtained from eqs (37a)—(38c) in the form
(Ang(t)? = (Any(1)? = V(1 + v (2nm +n +m + 1). (39)

In the vacuum state where n = m = 0, we obtain

fia(t) = 7p(t) = no(t) = 2 (40a)

(Ang(t))* = (Any(t))* = (Ano(t))* = no(t)(1 + no(t)), (40b)

where we have adopted the notation

no(t) = v? = Z—ZsinhQ(ﬁt) =1 ij sinh?(gt\/1 — k2) (40c)

defining (squeezed) vacuum photon number in ref. [4].
Following ref. [4], we define Mandel’s quality factor in the form

(An,(t)* —7n,(t)
n;(t) ’

which on using eqs (37a), (37b), (38b), (38¢c) and (40a), takes the forms

Q;(t) = j=a,b, (41a)

~ 2np(t)nm +nd(t)(2nm+n+m+1) —n

@a(t) n+no(t)(n+m+1)

, (41D)

_ 2no(t)nm +ng(t)2nm+n+m+1) —m

Qu(®) m +ng(t)(n +m+1)

(41c)

These results agree exactly with the results obtained in ref. [4].

2.2 Characteristic features of the dynamics

We notice that the results of expectation values are generally expressed in terms of
no(t) = v2(t). According to eq. (40c), the value of the parameter k determines the
characteristic features of the dynamics of the parametric down-conversion process.
There are four distinct cases to consider.

2.2.1 Case k> = 0: The case k* = 0 characterizes parametric resonance, with
w = w, + wp so that Q = 0 according to eq. (16). Under this condition, we have
B=g; vi(t)=sinh?(gt). (42)
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The two-mode operators evolve in time according to eq. (27), which exhibits squeez-
ing action described by two-photon coherent states or pure squeezed states.

2.2.2 Case k* < 1: The case k? < 1 characterizes squeezing action with de-tuning
in the parametric down-conversion process. Under this condition, we have
1

B=gV1—k% v2(t)= Wsinhz(gt\/l—l@). (43)
The squeezing property can be demonstrated through a calculation of the uncertain-
ties in canonically conjugate quadrature components, showing that the uncertainty
in one quadrature component grows exponentially, while the uncertainty in the
other quadrature component decays exponentially.

2.2.3 Case k? > 1: The case k? > 1 characterizes oscillatory behaviour. Under this
condition, we have

6 =1tia, a=gVk?-1,
cosh(ft) = cos(at); sinh(Bt) = isin(at), (44a)

V2 (1) = ﬁ sin(gt\/k2 — 1). (44D)

The periodic nature of the dynamics leads to quantum revival features in the para-
metric down-conversion process.

2.2.4 Case k% = 1: The case k? = 1 is the critical condition signalling the transition
from squeezing properties characterized by k% < 1 > 0 to oscillatory behaviour
with quantum revival features characterized by k% > 1 in the parametric down-
conversion process. Under this condition, we have

6—0; v(t)=—gt; wpi(t)=1+igt, (45a)

Vi (t) = g*t%. (45b)

Details of the characteristic features specified above have been presented in ref. [4]
and therefore need not be repeated here.

3. Conclusion

Working within the framework of Heisenberg’s picture of quantum mechanics, we
have developed a matrix method which transforms the time evolution equations for
the annihilation and creation operators (or any canonically conjugate operators)
in the non-degenerate parametric down-conversion process into an equivalent spin
equation with much simpler solutions. The method avoids the complications of
operator expansion theorems involved in the Lie algebraic and operator ordering
techniques generally applied in solving the time evolution equations within the
Schroedinger picture. Expectation values for studying photon statistics have been
evaluated in much simpler forms.
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