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Abstract

We consider the singular Cauchy problem of Euler-Poisson-Darboux
equation(EPD) of the form

k
Ut + ;ut = V2u

u(z,0) = f(z),u(z,0) =0

where V2 is the Laplacian operator in R”, n will refer to dimension and
k a real parameter. The EPD equation finds applications in geome-
try, applied mathematics, physics etc. Various authors have solved this
problem for different values of n and k using various techniques since
the time of Euler[1]. In this paper, we shall take the Fourier transform
of the EPD equation with respect to the space coordinate. The equation
so obtained is transformed into a Bessel differential equation. We solve
this equation and obtain the inverse Fourier transform of its solution.
Finally on using the convolution theorem, we obtain the weak solution
of the EPD equation for n = 4. The case for n = 1 is an interesting one
for this problem as the solution will be that of a 1 — D wave equation.
We therefore deduce the weak solution for the 1 — D wave equation as
well.
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1 Introduction

The study of singular Cauchy problems of the Euler-Poisson-Darboux (EPD)
equation is concerned with the equation

k
Uy + Tu = Viu (1)

u(z,0) = f(z),u(z,0) =0 (2)

where V? is the Laplacian operator in R", n will refer to dimension, x =
T1,To,...,T, is a point in R", k is a real parameter and t is the time variable.
Problems of type (1) will be called singular if the coefficient ¥ — oo as t —
0 and degenerate if % — 0 as t — 0 in such a way as not to change the
type of problem. In this paper, we shall study singular Cauchy problem of
the EPD type. There has been several approaches by different people to the
question of obtaining the solution of the singular Cauchy problems for the
EPD equation. Our main objective is to obtain a weak solution of the EPD
equation for a general n and deduce solution for n = 4. The case for n = 1
is an interesting one for this problem as the solution will be that of a 1 — D
wave equation. We therefore further deduce the weak solution of the 1 — D
wave equation. The EPD equation for special values of k£ and n has occurred
in many classical problems in geometry, applied mathematics and physics for
over two centuries. Euler[l] first considered the EPD equation for n = 1.
Using the Riemann method, Martin[2] gave the solution of (1) for n = 1 and
k= —1,-2,-3.... Diaz and Weinberger[3] obtained solutions of ((1) — (2))
for k=n,n+1,n+2... from the known solution for £ = n—1. They directly
verified that the resulting formula gives a solution of the problem for any &
with Re(k) > n — 1. Blum[4] obtained solution of the EPD for exceptional
cases k = 1,—3,—5.... Weinstein[5] gave a complete solution of singular
Cauchy problem covering all values of k£ and n. Blum’s solution differes from
the solution of Weinstein in that the function f is required to have fewer
continuous derivatives i.e. it is sufficient for f to have derivatives of order of
at least ("_7]2”3) Fusaro[6] solved the boundary value problem of the singular
Cauchy problem of the EPD by separation of variables. Dernek[7], by using a
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series, obtained the solution of the EPD of the form
b 2
uy + (at + Z)Ut =Vou, u(z,0)=f(x), wu(r,0)=0

where a and b are real constants and f(x) is an initial function.Uchikoshi|8]
studied local Cauchy problems in a complex domain for the EPD of an in-
compressible fluid. In this paper, our work considers the weak solution of the
singular Cauchy problem of the Euler-poisson-Darboux equation for n — 4 and
deduce a weak solution of the 1 — D wave equation.

2 Mathematical Methodology

2.1 Weak solution for n=4

In(1) — (2) let k = n — 1. This choice of k ensures that we are dealing only
with singular Cauchy problems. For this, the EPD assumes the form

0*u n—l% 0*u

wt T a T o (3)

Definition 1. The Fourier transform of a function f(x) on R™ denoted §
is defined by

1 > —i€x
PO =3U@) = oy [ e
(2m)2 J
Taking the Fourier transform with respect to space coordinate z for x € R

of both sides of (3) and assuming that u(z,t) and 2% both — 0 as  — —o0
we find

d*F[ul L= 1 dF[u]

2 —
o S el = 0 @)

Let

where 0 = |£|t. Now

and
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On substitution of the above expressions into (4) we find

,jQ‘f |5| A% (n 2)2
2 2 V4

or
Vo1 dv n—2\°
e (P2 v =0
a6z e an ( (2\5#) )
or
P2V 1dV n—2\°
ey, 24 1— —
d02+0d9+< (29 ))V !
or
&V 1dv (2=2)2
- 4 12 —
d02+6d0+( 2 )V ! (©6)

Equation (6) amounts to a weak formulation of the original EPD, its solution
will therefore be a weak solution. we notice that (6) is Bessel differential

equation of order "T’Q whose solution is given by

V(0) = AJuz(0) + BYa2(6) (7)

where A and B are constants and JnT—2(0> and YnT—2(0> are Bessel functions

of order "2 of first and second kind respectively. Now function YnT—2(0> is

singular at the origin i.e. Va2 (#) — oo as 8 — 0. Hence we choose B = 0 so
that
V() = ATz ([€]0) (®)

Now in general, J,({t) is given by

B 0o (_1)7’ gt 2r+n
Tle) =2 L(r+ )0(n + 7+ 1) (5> ¥

r=0

from which we find the series expansion of J,(|{|t) as

or
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Thus
Lol 1 (e
n—2 n—2 2 2
r(2) \ 2 r(=2) \ 2
Ll
> (?) AR }

T
m““’”*‘{r(%)( )" -

Then as t — 0 we have that
$ul(€,0)=A {P(lg) (%)T} = F([¢]) by
F(SIT)

Thus

Hence from (5),
Shl(g,1) =17
(10)

8ul(€ 1) = 27 (S F () (€)= Tz (18

L[ R

Definition 2. The inverse Fourier transform of F'(¢) in R™ denoted F~*

is defined by
o = _

) =5 F©) = s
The solution of (10) will involve taking the inverse Fourier transform of

both sides and in particular the inverse Fourier transform of the quantity
((g)e)~ =) Janz(|§|t)) since for F[f(x)] = F(|£]). We state the following the-

orem without proof, for details see [9]
Theorem 3. Bessel function of order n of first kind may be written in

trigonometric form as
2

1-n 5
(&)™ Ja(&t) = Tt 1)ﬁ/o cos(&t cos 0) sin®™ §df
2
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Hence from the theorem we have that

n—2 24?’/ 3
(\g\@(z)JnT_Q(\g\t):W/o cos(|¢]t cosB) sin™ 2 6de (1)
2

In this equation, let z = |£|t and

SlQ] = (Z)_(HT_?) JnT—2(Z) = e )\/_/ cos(z cos 0) sin™=2 946 (12)

Take the inverse Fourier transform of (12) for z € R on both sides to find

1 °° ,
Qat) = —— [ slQueis
V2 o
or
1 o 9" 3 .
Q(z,t) = 71/ cos(z cos 0) sin"? 9T dd¢
@) J-oe TSV Jo
or
- 23) o0 % .
Qlr,t) = ——— cos(z cos 0) sin "2 9e*dhde
F(n—l)W 0
2 —o0
or
2 (5= 3) et (2 cos 0+¢&x) —i(z cos0—£x)
Q(z,1) / / ( +26 )sin(”z) 0dOd¢
or
(" 3) i([€]t cos 0+x€) —i([€]t cos O—x€)
Q(z,1) 2 / / (6 +26 ) sin™=? 0dhdg
Let
i(|&]t cos O+x&) —i(|€|t cos O—x€)
Bt *‘26 (13)
so that
o—("3%) 3 0 o0 s
9 0 —o0 0
or

o-(*5Y) [F /0 o
Q(xﬂf) = nii/ (/ ez(tcosﬂ-l-ac)fdg +/ 6—z(tcos@—x)§d§> Sin(n—Z) 0do
F(_)ﬂ. 0 —00 0
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or

3 2 tcosf
— in(n—2) 1
Q(z,t) e /0 (t2 Y x2) sin 6do (15)

We now construct the weak solution of the EPD for n = 4. (15) now becomes

2-() 2 [ tcosfsin®6
t) = ——— | df
Q1) F(%)m’/o (t2 00529—952)

or

Q) 1 /:(tcos&sinQQ)de (16)

25 /734 t2 cos?f — x2

To evaluate the integral in (16) we transform as follows: Let z = ¢'0 where
0 < 8 < 27. This means that

dz ., (zsin®—1)2 20% + 1 g (Z2+1)?

= T g2 T2
iz 2i2)z 2. (22)2

from which we find

t(z2+1)(2% = 1)?

tcosfsin®h = and t?cos’f — 2% =

inserting these quantities in the integral we find

x 2 2 )2
/ ( tcos 6 ) <in? 0 — 1 (22 4+ 1)(2* — 1)%dz
0

t2 cos? 0 — x2 2ut 622(244—(2—%)22—}-1)

where c¢ is a unit circle with centre at the origin. The denominator of the right
hand side may be written as

/% ( tcosf )SiHQQdQ:—L (22 + 1)(22 — 1)%dz
o \Beorg— 2it J, 20— Va)e + Vo) — VB V)

where

|

t2 t2

(2352—152)—1—295\/@}’ Ja=- {(2x2—t2)+2xm}

t2

\/B:\/{(Zﬁ—t?)—tfx\/m}’ By {(m?-ﬂ)-mﬂ}
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are the roots of the equation

42
Z4+(2_t—2>Z2+1

2z = 0 obviously lies within ¢, for the roots v//3 and —+/f3 for z > t, it can be
shown that they lie in c. Let

(P F (2= 1)%dz
fz) = 2224+ (2 — 4%22)22 +1)

We examine the residues of f(z) within c¢. For residue of f(z) at z = 0, this is
a pole of order 2 given by

1d { (z—=0)2(z2+1)(2*2 = 1)2 }
2(z —Va)(z +Va)(z —VB)(z+ VD)

With a little simplification, we find

2V

Residue of {(z) at z=0 = — o2 (17)
For residue of f(z) at z = /3 we have
lim (= + Dl — 1) ICARCE (18)
2—+/B 22(2 — \/a)(z + \/&)(2 + \/B) 25\/3(& - Ct)
and for residue of f(z) at z = —/3 we have
- (22 +1)(2 — 1) _ B+nE-1) (19)

==—vB 2*(2 = Va)(z + Vo) (z = VD) 26vVB(8 — a)
If ¥R denotes sum of residues of f(z) in ¢, then from (17), (18) and (19),

2/«
YR=———
a?f
and from Cauchy integral theorem

/2 (—t cos ) sin? 0df = —i27m'(—2\/a)
0

t2 cos? 0 — a2 2it o

or

/2 ( tcosd )sin29d9:2ﬂ\/a
0

t? cos? O — x? o[t
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1
4

/2 ( tcosf )Sin20d0:2n\/a1
0

Now our original integral occupied only + of ¢, hence we have

2 cos? 0 — x2 26t 4
or
2 tcosO 9 T
——————— | sin“0df = ——— 20
/0 (t2 cos? 6 — m2) S 20ta/a (20)
Using (20) in (16) we find
1
)= —— 21
k) 23iaty/ay/T (1)
or
1
Qz,t) = (22)

23/ [ {(202 - ) + 20/ — 1)

Definition 4. For x € R, let f(z) and g(z) be two given functions. The
convolution of f(x) and g(z) denoted f(z) % g(z) is defined to be the function

(f*g)(x) = - fW)g(x —y)dy

Theorem 5 (Convolution theorem). LetF Fi(£)] = f(z) and F [ F(&)] =
g(x), then
R * Fa(€)] = f(x) % g(x)

In (10), set n = 4. Taking the inverse Fourier transform of this equation
and using (22), (10) becomes

u(z,t) =4n f(x) * Q(z,t) (23)

Using the convolution theorem in (23), we find

1 [x [ f(y)dy
u(x,t) = TAl 5 ( ) (24)
‘ \E/_oo \/{(2(:5 —y)? =) + 2z —y)/(r —y)* - *}

2.2 Weak solution for n=1, the case of 1-D wave equa-
tion

Consider (10) when n =1, i.e.

3lu)(a,t) = \/§F<|§|> (IEl)* T_y (1lt) (25)



324 A. Manyonge, D. Kweyu, J. Bitok, H. Nyambane and J. Maremwa

and (11) becomes

D=

(1€l)= J_y (I]t) = \/%COS(KV) (26)
according to [9]. Using this in (25) we find
Slul(z, 1) = F([€]) cos([€]?)

127

1 t
u(z,t) = ——f(x) * (m) (27)
on use of convolution theorem. Hence

u(x,t) = o /OO M (28)

21 J_oo [t? = (2 — y)?]

being the weak solution of the 1 — D wave equation.

3 Conclusion
Equations (24) and (28) obtained represent the weak solutions of the EPD for
n =4 and n =1 the 1 — D wave equations respectively.
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