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ABSTRACT

Completely positive maps is an important field due to its significance,
application and mathematics itself. While discussing the properties of the
positive maps, researchers have questioned whether the properties of the
positive maps also hold for completely positive maps. In chapter 1, we
have started with a C*-algebra A, generated on A other C*-algebras and
then investigated these forms of C*-algebras. We investigated whether
the properties of A such as self-adjointedness and completeness under
norm still hold on the C*-algebras generated on A. In chapter 2, the con-
dition for the positivity of the elements of these generated C*-algebras
is given. This has been done by showing that their inner product with
elements from a Hilbert space is positive. A unital contraction is nec-
essarily positive. Conditions under which positive maps are completely
positive are discussed. In chapter 3, boundedness and complete bound-
edness of these maps have been investigated. This, we have done by
showing that, indeed, whenever the operator system is a C*-algebra, then
a positive map is bounded and completely bounded, if its norm is equal
to its complete bound which must be finite. All completely positive maps
are completely bounded, however the converse is not always true. This
has been shown by giving examples and counter examples. The results
of this study will pave way for construction of new C*-algebras from the
known ones, which will be helpful in the development of the research on
positive maps on these generated C*-algebras and may also be applied by

mathematicians in solving spectral problems.
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Chapter 1

INTRODUCTION

In this chapter, literature review, definitions of some of the terms, theo-
rems and propositions and in some cases examples that are essential in
this study are given. Most of these have been obtained from the refer-

ences, see [GK08, Mur90, Pau03, Tak79].

Let H be a Hilbert space, B(#H) be the set of all bounded linear oper-
ators on H and H™ be the direct sum of n—copies of H. If M, (B(H)), is
the set of nxn matrices with entries from B(H) and B (7—[(")) is the space
of all bounded linear operators on H™, then it is shown that there exist
linear maps ¢ : M, (B(H)) — B (H™) such that ¢ is a x—isomorphism,
where n € N. Moreover, this ¢ is a representation of M, (B(H)) on the
Hilbert space H (™. Therefore, we can identify M, (B(#)) with B (H™).
Thus M,(B(H)) = B (H™). This identification gives us a unique norm
that makes the *-algebra M, (B(#)) a C*-algebra, see [Mur90].

If A is any C*-algebra and ¢ : A — B(H) a *-homomorphism, then
the collection of norms on M, (¢(A)) is independent of the particular

representation ¢. By Gelfand Naimark Segal theorem, see [Mur90,
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Tak79], A is a closed self-adjoint subalgebra of B(H).

1.1 Literature Review

The development of the theory of positive and completely positive maps
are areas that have attracted a lot of interest from Mathematicians.
In 1943, M.A. Naimark published two unrelated results. That is, the
possibility of dilation of a positive operator valued measure to a spec-
tral measure and the characterization of certain operator valued posi-
tive functions on groups in terms of representations on a larger space,
see [Naid3a, Naid3b, Pau03]. A few years later, B. Sz.-Nagy obtained a
theorem of unitary dilations of contractions on a Hilbert space, whose
importance turned out to open a new and vast field of investigations
of models of linear operators on Hilbert space in terms of a generalized
Fourier analysis, see [NF70, Mur90, Pau03]. One of the better known
dilation theorems is due to Sz.-Nagy and asserts that every contrac-
tion operator can be dilated to a unitary operator. The most famous
application of this idea is Sz.-Nagy’s elegant proof of an inequality of
von Neumann to the effect that the norm of a polynomial in a con-
traction operator is at most the supremum of the absolute value of the
polynomial over the unit disk, in this way revealing its spectral char-
acter, see [NF70, Pau03]. In 1955, W.F. Stinespring obtained a theo-
rem characterizing certain operator valued positive maps on C*-algebras
in terms of representations of those C*-algebras, what is called Stine-
spring Representation, see [NF70, Pau03, Sti55]. M.A. Naimark showed

that every C*—algebra can be faithfully represented as a subalgebra of
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B(H). Every representation m of A on B(#H) and vector x € H defines
a linear functional f on A by f(a) = (m(a)z,z). Such a functional
is positive, (and is automatically continuous and contractive). There
exists a Hilbert space Hy, a vector x4 € Hy and a representation
of A on H; such that f(a) = (ms(a)zs,zy) V a € A. This con-
struction is known as the Gelfand-Naimark-Segal (GNS) construction,
see [Mur90, Nai43a, Nai43b, Pau03]. W.F. Stinespring introduced the
theory of positive maps as a means of giving abstract necessary and suf-
ficient conditions for the existence of dilations, a technique for studying
operators on a Hilbert space (#) by representing a given operator, say
Ty as the restriction of a (hopefully) better understood operator, say
T,, acting on a larger Hilbert space, to the original space. He showed
that completely positive maps always have a representation of the form
malp(A)] = V*m(A)V, where 71 and 7y are representations of the al-
gebras A; and A, in A respectively, that is, m : A; — B(H) and
7o+ Ay — B(H), ¢ is a completely positive operator and V' is a bounded
operator from H to another Hilbert space say, L C A, see [Pau03, Stib5].

Theorem 1.1.1 (The Stinespring Representation Theorem)

Let A be a unital C*-algebra and let ¢ : A — B(H) be a completely
positive map, then there exists a Hilbert space K, a bounded operator
V :H — K and a unital x-homomorphism, 7= : A — B(H) such that
¢(a) = V*r(a)V, for every a € A.

In this theorem, we also have that, ||¢]|s = [[¢(1)]| = [|[V*V| = |V
see [Pau03]. This theorem opened a large field of investigations on a
new concept in operator algebra that is now called complete positivity,

mainly due to the pioneering work of M.D. Choi, see [Cho75, Cho72,
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Pau03, Sti55]. The connections between completely positive maps and
dilation theory were broadened further by Arverson , who developed a
deep structure theory for these maps. He showed that, if S C A is an
operator system and ¢ : & — B(H) is completely positive, then there
exists a completely positive map ¥ : A — B(H) that extends ¢ such
that ¥(a) = ¢(a) for every a € S, see [Pau03, Arv76, Arv69.

This result by Arverson yielded another result due to Wittstock, who
worked on operator spaces instead of operator systems.
Theorem 1.1.2
( Wittstock’s Extension Theorem) Let M C A be an operator
space and ¢ : M — B(H) be completely bounded, then there exists a
completely bounded map v : A — B(H) that extends ¢ and satisfies
[0lles = [[¥lles, see [Pau03].

Let A and B be C*-algebras and ¢ : A — B be a linear map, then

o[l = sup{ll¢(a)] - [lall <1}, Va € A

We can define the maps ¢, : M,,(A) — M, (B) by ¢n([a;;]) = [¢(ai )]
for all [a; ;] € M,(A). Then,

[6nll = sup{[|on(laiDIl : n € N;flai; || < 1}

and

[6ller = sup{|[¢nl| : n € N}.
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Wittstock and Haagerup generalised Stinespring Representation The-
orem to completely bounded maps. The generalised Stinespring theorem
states that if A is a unital C*-algebra and ¢ : A — B(H) is a com-
pletely bounded map, then there exists a Hilbert space H’', operators
VW € B(H;H') and a unital x-homomorphism ( a x-representation),
m: A — B(H'), such that |[V||[|W| = ||¢|ls and ¢(a) = W*n(a)V, a €
A.

In the early 1980’s, researchers began extending much of the theory
of completely positive maps to the family of completely bounded maps,
completely positive maps and completely bounded maps as the analogue
of positive measures and bounded measures respectively, see [Pau03]. To
discuss completely positive maps and completely bounded maps between
two spaces, their domains and ranges need to be operator system and
operator space, respectively. Such spaces arise naturally as subspaces of
the space of bounded operators on a Hilbert space. However results of
Choi, Effros and Ruan gave abstract characterizations of operator systems
and operator spaces that enabled researchers to treat their theory and
the corresponding theories of completely positive maps and completely
bounded maps in a way that was free of dependence on this underlying
Hilbert space. These characterizations have had an impact on this field
similar to the impact of the Gelfand-Naimark-Segal theorem on the C*-
algebras and led to a deeper understanding of many results of C*-algebras
and Von Neumann algebras, see [ER91, Mur90, Cho75, Cho72, Pau03].
The aim of this work was to study the properties of completely positive
maps. In particular, the conditions under which positivity imply complete

positivity and when a map is completely bounded.
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1.2 Statement Of The Problem

Let A and B be unital C*-algebras and ¢ : A — B be a linear map, we
define maps ¢,, : M,,(A) — M, (B), by the formula

qbn([aw]) = [gzﬁ(aij)], ‘v’n - N, Z,] = 1, ., n,

where [a; ;] € M,(A) and M, (A) and M, (B) are C*-algebras of n x n
matrices with entries from A and B. Properties of ¢, have not been
exhaustively studied. We have investigated some properties of positive
maps, of interest is on how assumptions of positivity of ¢ is related to its
norm and conversely, when the norm of ¢ guarantees that it is positive. It
is not true that every positive map is completely positive or every bounded
map is completely bounded. In this study, we investigated some of the
elementary properties of these classes of maps and determined conditions
when positive maps are automatically completely positive. Further, we

have investigated conditions for which ¢ is completely bounded.

1.3 Objectives Of The Study

The purpose of this study was to do the following:

1. Establish how the notion of positivity is introduced to the C*-

algebras

2. Investigate some of the elementary properties of completely positive

maps and determine conditions when positive maps are automati-
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cally completely positive.

3. Investigate conditions for which a map is completely bounded.

1.4 Significance Of The Study

The results of this study would pave way for construction of new C*-
algebras from the known ones, which would be helpful in the development
of the research on positive maps on these generated C*-algebras and may

also be applied by mathematicians in solving spectral problems.

1.5 Research Methodology

In this study, we have determined when positive maps are automatically
completely positive. That is, given that ¢ is positive, we have determined
the properties for which ¢,, is positive for every n. Further, the condi-
tions for which a map is completely bounded have been investigated. By
showing that the estimation |¢,| < n||¢|| < oo is sharp for all n € N,
has proved the complete boundedness of ¢. To show that a completely

positive map is completely bounded, this study has proved the equality
[16l] = Il = [|¢nll = ¢l < 00 and that ¢* = ¢.

1.6 (C*-algebras

Most of the literature and results in this thesis have been obtained from

the references see [Mur90, Cho75, Pau03, Tak79], from which the proofs
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of the results may also be obtained.

1.6.1 Algebra

Definition 1.6.1
An algebra over a field K is a vector space A together with a bilinear

map (vector multiplication) A% — A, (a,b) — ab, such that

1) a(bc) = (ab)c (a,b,c € A);

2) (aa+ Bb)e = aac + Bbe and ¢(aa + 5b) = aca + Beb (o, B € C).
Definition 1.6.2

A subalgebra of A is a vector subspace B such that

b e B = beB.

Definition 1.6.3

A normed algebra A is a vector space with a norm defined on it.

A norm ||.|| on A is said to be multiplicative if

labll < flall[lo]]  a,b € A

The pair (A, |.]]) is called a normed algebra. If A admits a unit e
(ae = ea = a, V a € A) and |le]| = e, then A is a unital normed
algebra.

Definition 1.6.4

A Banach algebra is a complete normed algebra. A complete unital

normed algebra is called a unital Banach algebra.
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Example 1.6.5

Let X be a Banach space, then set B(X) of all bounded linear maps
(operators) from X to itself is a normed algebra where the operations are
defined pointwise for addition and scalar multiplication, multiplication

given by (u,v) — uowv, and

()|l
|ul| = sup = sup |lu(z)].
0 ]| lz||<1

Since X is a Banach space, B(X) is complete and therefore it is a Banach
algebra.

Example 1.6.6

The algebra M,,(C) of n X n matrices with entries in C is identified with
B(C™). It is therefore a unital Banach algebra. Upper and lower trian-

gular matrices are subalgebra of M,,(C) .

Definition 1.6.7
An element a of a Banach algebra A is invertible if there is an element

b € A such that ab=0ba =1, b=a"!is unique.
Inv(A) = {a € A| ais invertible}.
Definition 1.6.8

The spectrum of an element a is the set

ogla) =o04(a) = {AeC|AN —a ¢ Inv(A)}.
= {AeCla— X € Inv(A)}.

Theorem 1.6.9
(Spectrum). Let A be a C*-algebra with unit and a € A. Then o(a) is a
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nonempty compact subset of {z : |z| < |la|}.
Definition 1.6.10

The spectral radius r(a) of an element a € A is given by

r(a) = sup{|A| : A € o(a)}

Definition 1.6.11
An involution on an algebra A is a conjugate-linear map a — a* on A,

such that

(i) e =a
(i) (ab)* =b*a* and

(iii) (aa+ Bb)* = aa* + Bb* Ya,b € A.

The pair (A, ) is called an involutive algebra, or a *-algebra.

Definition 1.6.12
An element a € A is self-adjoint or hermitian if « = a*. For each

a € A, there exists unique hermitian elements b, ¢ € A such that a = b+ic

where b = $(a + a*) and ¢ = 5;(a — a*). The clements a*a and aa* are
hermitian. Denote the set of hermitian elements of A by A,,. a is normal

if a*a = aa*.

If A is unital, then e* = e (e* = (ee*)* = ¢). If a € Inv(A), then

(a*)~' = (a~1)*. Hence

o(a*) =o(a)* ={\ € C|\ € o(a)}.
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An element a € A is a unitary if a*a = aa* = e. If a*a = e, then a is an
isometry, and if aa* = e then a is a co-isometry.

Definition 1.6.13

A Banach x-algebra is a x -algebra A together with a complete sub-

multiplicative norm such that

la*[ = llall (a € A).

Definition 1.6.14

A C*—algebra is a Banach x-algebra such that

laall = [la]* (@ € A).

A closed *-subalgebra of a C*—algebra is a C*—subalgebra.

Example 1.6.15

The scalar field C is a unital C*—algebra with involution given by complex
conjugation \ — \.

Example 1.6.16

If H is a Hilbert space, then B(H) is C*—algebra. (Gelfand Naimark
Segul theorem).

Theorem 1.6.17

If a is a self-adjoint element of a C*—algebra A, then r(a) = ||a||, [3.3]

Corollary 1.6.18

There is at most one norm on a x—algebra making it a C*—algebra.

Lemma 1.6.19
Let A be a Banach algebra endowed with involution such that ||a||* < ||a*al|

(a € A). Then A is a C*—algebra.
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1.6.2 Positive Elements Of C*— Algebra.

Definition 1.6.20

An element a of a C*—algebra A is positive, if and only if a is of the form
a = b*b for some b € A or if a is hermitian and o(a) C R*. Denote by
At the set of positive elements of A. In this thesis, the symbol a > 0
will be used to denote an element a which is positive.

Definition 1.6.21

A x-homomorphism from *-algebra A to x-algebra B is a linear map

¢ : A — B such that
(i) ¢(ab) = ¢(a)p(b)
(i) o(a*) = p(a)*, V a,be A.

¢ is unital if A and B are unital and ¢(I4) = Ip, that is ¢(1) = 1.

If in addition, ¢ is a bijection, it is a *-isomorphism.
Theorem 1.6.22
A x-homomorphism ¢ : A — B from a Banach x-algebra A to a C*—algebra

B is necessarily norm decreasing.

ProOOF. We suppose that A, B and ¢ are unital. If a € A, then

o(p(a)) S ofa), so
lp(@)l* = le(a) (a)]| = llp(a*a)ll = r(p(a*a)) < r(a*a) = [la*al] < [la|*.
Taking the square root of both sides, we have

le(a)]l < lall- (1.1)
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[J From inequality 1.1, we get that ¢ is a contraction.

lell = sup [lp(a)l
Jall<1

< sup flaf = 1
flall<1

Thus, [l¢f| < 1.
Theorem 1.6.23
Let ‘H, and H, be Hilbert spaces.

1. If uw € B(H1,H2), then there is a unique element u* € B(Hz, H1)
such that

(u(xy), 9) = (z1,u™(x2)), =1 € Hy, T2 € Ho.

2. The map u — u* is conjugate-linear and u** = u. Also

lull = [l = fluul 2.

1.6.3 Positive Linear Functionals

If  : A — B is a linear map between C*-algebras, it is said to be positive
if ¢ maps positive elements of A to positive elements of B. In this case
¢(Asa) € Bia-

Theorem 1.6.24

If 7 is a positive linear functional on a C*—algebra A, then it is bounded.

PRrROOF. If 7 is not bounded, then sup,.s 7(a) = +o0; S is the set of

all positive elements of A of norm not greater than 1. Hence there is a
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sequence (a,) in S such that 2" < 7(a,), ¥n € N. Set

a=>) a,/2"=>ac A"

n=0

1 < 7(a,/2"), therefore

N < Z_T(an/2") =7 (Z_ an/Z”) < 7(a).

n=0

Hence, 7(a) is an upper bound for the set N which is impossible. Thus 7
is bounded. U
Theorem 1.6.25

Let 7 be a bounded linear functional on a C*—algebra A. The following

conditions are equivalent:

1. 7 is positive .
2. For each approximate unit (uy)xep of A, ||7|| = limy 7(uy).

3. For some approximate unit (uy)xep of A, [|T]| = limy 7(uy).

Corollary 1.6.26

If T is a bounded linear functional on a unital C*-algebra, then T is positive
if f (1) =|I7ll.

Definition 1.6.27

A state on a C*-algebra A is a positive linear functional on A of norm

1. Denote by S(A) the set of all states of A.

Theorem 1.6.28
If a is a normal element of a non-zero C*-algebra A, then there is a state

7 of A such that ||a|| = |7(a)].



CHAPTER 1. INTRODUCTION 15

Theorem 1.6.29
Let a be a self-adjoint element of a C*-algebra A. Then a € A" if and

only if 7(a) > 0, V positive linear functionals 7 on A.

PRrROOF. The forward implication is plain. Suppose conversely that
7(a) > 0 for all positive linear functionals 7 on A. Let (H,¢) be the

universal representation of A, and let x € H. Then the linear functional

7T:A—=C, b— (p(b)(x),z),

is positive, so 7(a) > 0; that is, (¢(a)(x),z) > 0. Since this is true
V x € H, and since ¢(a) is self-adjoint, therefore ¢(a) is a positive
operator on H. Hence, ¢(a) € ¢(A)T, so a € A", because the map

¢ : A — ¢4 is a x-isomorphism. OJ

1.6.4 The Gelfand-Naimark Representation

Definition 1.6.30
A representation of a C*-algebra A is a pair (H, ), where H is a Hilbert
space and ¢ : A — B(H) is a x-homomorphism. (H, ) is faithful if ¢

is injective.

With each positive linear functional there is associated a representa-
tion. Suppose that 7 is a positive linear functional on a C*-algebra A.
Setting

N, ={a€e A|7(a*a) =0},
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N is a closed left ideal of A and the map

(A/N2)? = C, (a+ N7 b+ Ny) = 7(b*a),

is a well-defined inner product on A/N;. Denote by #, the Hilbert
completion of A/N;. If a € A, define an operator ¢(a) € B(A/N,) by
setting

p(a)(b+N;) = ab+ N

¢(a) is clearly linear and bounded, i.e. |[¢(a)| < ||a|| holds. Since

lp(a)(b+ NP = 7(b"a"ab) < [lal|*r(b"b) = [lal|*[[b + N-]I*.

The operator ¢(a) has a unique extension to a bounded operator ¢.(a)
on H,. The map
or : A= B(H;), a— ¢-(a)

is a x-homomorphism. The representation (H,, p,) of A is the Gelfand-
Naimark-Segal representation (GNS) associated to 7. If A is non-zero,
its universal representation is the direct sum of all the representations

(H.,@,), where T range over S.

This shows that every C'*-algebra can be regarded as a C*-subalgebra
of B(H) for some Hilbert space H as indicated in the theorem 1.6.31
below. See [Mur90, Pau03]
Theorem 1.6.31
( Gelfand-Naimark ). If A is a C*-algebra, then it has a faithful repre-

sentation. Specifically, its universal representation is faithful.
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Most of the results above were obtained from [Mur90, Tak79|

1.7 Matrices of C*-algebra

Most of the results in this section were obtained from [Pau07, Pau03].

Let ‘H be a Hilbert space, B(H), the set of bounded linear operators
on H and M,,(B(H)), the set of all n xn matrices with entries from B(H).
We show that M, (B(H)) is a x-algebra.

We first show that M, (B(#)) is an algebra, that is, it is associative
and linear. Let a = (a;;), b= (b;;), c = (¢;;) € Mp(B(H)),i,5 =1, .., n.
Define .
(ab)ij = (ai;)-(bij) = > ainb;,
k=1

then we have

3

((ab)e)ig = (ab) ey = D> aubircry

k=1 k=1 I=1
n n
= E ai,lg bl,kckz,j
=1 k=1

= Zau(bc)m' = (a(bc))i;

Thus, M, (B(H)) is associative. Linearity follows from multiplication of

a matrix by scalar. Hence M,,(B(#H)) is an algebra.
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Infact, M, (B(H)) is a *-algebra, if involution is defined as

(aij)" = aj,.

Now consider H(™ the orthogonal (or direct) sum of n copies of H

with an orthogonal basis, then there is a norm and inner product on #

that makes it into a Hilbert space. That is,

hy
<h7 k) = <
hn
where
h pr—
[n]|* =

ky
> = <h17k1>7—[++ <hn7kn>7—l7
" (1)
hq k1
k= e H™
hy, k.,
2
hy
= 1hal” + ... + l|hall?
o,

We prove that an element of M,(B(H)) is a linear map on H™.

Indeed, for
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T = [T;;] € M,(B(H)),h € H™, we have the definition

Ty Tho
Ty T
[Tz'j]h _ 21 122
Tnl Tn2
hq k1
Let : ,
o, K,
hy
Tl a| |+
o,

e H™

ki

Tln hl Z
" Thih;
Tgn h2 j—l. VAR
- , > im1 Tujh;
and «, f be any scalars, then
ahy Bk
T3] +
ah, Bk,
ahy + Bk
= [T3]
ahy, + Bk,

07

19

> iy Tyjahy + 370 Ty Bk

> iy Tojachy + 3700 T Bhy

> i1 Tijorh;

> i1 Tnjah;

> =1 Thjhy

2.

T

j=1-+nj

h

J

+

+ 5

> i1 11 Bk;

>zt TuiBh;

> i1 Thjk;

2.

YT

j=1+nj

h

J
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Thus [1};] is linear.

1.7.1 Operator norm

Definition 1.7.1
Let T : X — X be an operator from the vector space X into itself, then

the norm of T is given by

1T} = sup{||Tz[| : ||z <1,z € X}

We prove that the norm on M, (B(H)) can be approximated as

> IT0

1,j=1

17511 <

We show that [Tj;] is bounded, i.e., there exists a ¢ € R™ such that

I[T3;]h]] < c||h]]. Letting ||h]] < 1, we have

Tll Ce Tln hl Tll Coe Tln h’l

T - . . T hy T - . . Ty hq
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> i1 T jh; > i1 T jhy

)

> i1 Tngh; > _ie1 Tl
n 2 2
> _Tijh; > _Tuih
j=1

+o+
j=1
> Tish

:Z”

i=1

> ITishsll®

i=1 j=1

> D Tl il

i=1 j=1

Xn: (Zn: IITmHQ) JZ:H%IIQ

i=1 \j=1

= (Z ||Tz',j||2) > )7
j=1

ij=1

2

IN

IN

IN

= <Z Tyjhs, T17jhj> +..+ <Z Toshis Y | Tw-hj>
Jj=1 Jj=1 Jj=1 j=1
n 2 n
> T by > Tjh
j=1

J=1
n

3

i=1

2
+ .+

n 2

> Tiihy

j=1

< DD ITghl?

i=1 j=1

< Y TSP I

i=1 j=1

21
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IN

5 (z nw) S 2
1 \j=1 j=1

=

_ (Z ||ﬂ,j|\2> EnjllthIQ

ig=1 j=1

Taking the squareroot of both sides we have,

TR < Y D UT 2D A2 = [ D INT3sl12 | D IRsl12 = clinll,
ij=1 j=1 ij=1 j=1

where ¢ = szzl 175511
Since 37, [|h[[* = 1, we have [[[Ty]]| < /375 11T Since [T;;] was

arbitrarily chosen, we have

T35 <

n
> ITil2

1,j=1

Lemma 1.7.2
Let H be a Hilbert space and ¢ : M, (B(H)) — B(H™) be a linear map
from the C*—algebra M, (B(H)) to the C*—algebra B(H™), then

n 2
max || Ty < [Tl < (Z IITinZ) <nmax [Ty, v T;; € Mu(B(#))
) Z7]:1 )

PROOF. Define a projection E; : H =+ H™ by Bz =000® ..2... 0D
.. ®0, where x € H. Therefore, B} E; = Iy, EfE; =0 and ) )" | B/ E; =
Iyn, i=1,...,n. Clearly, ||E;|]| = 1.

Now,
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Therefore,

This implies that

INTRODUCTION 23
1Tl = 11T B < NEETNTINES I < T3]
max | T3] < [I[Z5]]l (1.2)

Let h € H, then

T30

IN

IN

IN

J=1 \j=1

< Tll Tln h'l Tll Tln
Ta . . . T hq T . . . T,
2
< > i1 T jh; > =1 Th ik >
> i=1 Tnjhy > i1 Tojhy

> <Z !Tk,jhj7Tk,jhj|2>

> D Tl T 1A

j=1 j=1

> TPl

i=1 j=1

> Tl )

i=1 j=1

n n 1/2
5 (z umn?)
j=1

i=1

" 1/2
(Z ||hj]|2> by Schwarz inequality.
=1
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= D Tl Y Il
j=1

ij=1

24

Taking the supremum with [[h;]| < 1, we get [|[T3;][|> < 327, [T

Taking the squareroot of both sides, we have

T3l < (Z HTinQ) :

ij=1

Since ||[T;]|| = sup{||[T3;]h] : ||h]] < 1}, We also have that,

n >
(Z Ilﬂj!\2> < nmax [ Ty]).

ij=1

From the equations (1.2), (3.1) and (3.2) the assertion follows.

Proposition 1.7.3

(1.3)

(1.4)

Let M, (B(H)) and B (H™) be C*—algebras, then there exists a linear

map ¢ : M,(B(H)) = B (H™) such ¢ is a x—isomorphism.
To prove this proposition, we need to show the following :

e ¢ is linear
e ¢ is bijective, i.e both injective and surjective

e ¢ is homomorphic and that

o O([T3;]") = [Ty;]*, ¥ [Ti;] € M, (B(H)), i.e it preserves the adjoint.

Let [T;;] € M, (B(H)), we define the map by ¢([T};]) = [T;;]. Set
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hl Tll T Tln hl
o([T34]) = ¢
hn Tnl Tnn hn
( > iy Thghy
> i1 T jh;
Ty - T, hy hi
= : ¥ e H™
Tnl Tnn hn hn
( > i1 Tk
> i1 T jh;
T - Ty hy hy
= ¥ e H™
Tnl Tnn hn hn

Thus ¢ is just the ordinary matrix multiplication.

We show the linearity of ¢. Let o, 8 € C,[T;,],[Si;] € M,(B(H))
and h € H™, then

Yy (T + BS15)(hy)
o(a[Ti ]+ BSi)(h) = :
Y0 (ol + BSn;)(hy))
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X0 (aThj(hy) + BS1;(hy))

Sy i(hy) + BS.(hy))

X0y j(hy) + X5, 8BS ;(hy)

X0l i(hy) + X5, 85,,(hy)
51T ;(hy) 25151,(hy)
= « : + 4 :
27 Tn,(hy) X155 ()
= a¢([Ti,]) (h) + B([Sis]) (R)
= (ad([T3;]) + Bo([Si3])) (h)
X0 aThj(hy) + X5, 85;(hy)

Xy aThi(hy) + X585, (hy)
21T (hy) Ej1514(hy)
= «a : +8 :
X1 Thj(h;) Ei-15n(hj)
= ad([Ti;])(h) + Bo([Si])(h)
= (ao([Ti;]) + Bo([Si) ()

Thus, ¢ is linear.

We now show that ¢ is a bijection. That is, it is injective and surjec-

tive.

That ¢ is injective, let Ej : H — H™ be a map defined by

Ex(hy) = vector that has hy for its k—th entry and is 0 elsewhere.
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Now suppose that ¢([T;;]) = 0, then

0 Tl
= o([T3;] B (i) = E k={1,...,n}.
0 Ty il

Thus, T;xhy =0, ¥V hy, € H and V i,k = {1,...,n}. Hence [T;;] = 0, so

that ¢ is injective.

We now show that ¢ is surjective.

Define a map
Er 1™ =M.
We first show that this map sends a vector in H™ to its j-th component.
h
From Ejy, : H — H™, we have Y}, Exhy =
ho,

ha
Let h; € H, : € H™. Then by the definition of adjoints,

Thus, E7 is the map that sends : to h; as required. We show that

b,
¢ is surjective. To show this, it suffices to show that ¢(|T;;]) = T for any
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T € B(H™).
hy N
To show this, let T; ; = EXTE;, and : , : e H™,

hn In
Then

> i—1 Tuih; S

<¢<m,j]> ] >:< s >

hn fn 2?21 Tn,jhj fn

n

= Y (T hy 1)

1,j=1
n

= > (E/TE;h;, f;)

3,j=1
n

= Y (TEjh;, Eif)

2,j=1

= <2n:TEa‘hj’zn:Eifi>
j=1 i=1
= <T zn:Ejhj)72n:Eifi>
j=1 i=1

:<T;,;>.

Thus, (o([T3,;D)h, f) = (Th, f) = (o([Ti;Dh, f) = (Th, ) =0 =
((0([Ti]) =T)h, ) =0 = ¢([T3;]) =T = 0, thus ¢([Ti;]) = T And in
addition since # is a Hilbert space, it follows that ¢([T;;]) = T, so that

¢ is surjective.

We now, show that ¢ is a homomorphism. Let [S; ;], [T; ;] € M,(B(H)).
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Then
X708 Ti ) (hy) i X081k Tk 5 (hy)
o([Si1[T34])(h) = : = '
X7 108 Ti ) (hy) Y1 201 Sn kT 5 (hy)
X =191k Tk 5 (hy)
Ez,j:18n7ka7j<hj)
So,
35 =151k T 5 (hy)
o([Si [T 4])(h) = : : (1.5)
227]':1 Sn,ka,j (hj)
Also,

27 1Th,;(hy)
(P([Sik))d([Ths]))(R) = | &([Sik]) :
30 1T i(hy)

Y151k (B3 T (hy))

1S k(B0 Ty j(hy))

Y1 25181, Tk 5 (hy)

Ezzlﬁ?zlSn,ka,j (hy)

3k =151k Tk i (hy)

Ez,jzlskakJ(hj)
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S 25181k T 5 (Ry)

Y1 251 Sn ik Th i (hy)

Yk =151k Tk 5 (hy)

2k =19k Tk i (hy)
Thus,
Xk =151k Tk 5 (hy)
(@([Sik])o([Th 1)) (h) = : : (1.6)
Ez,jzlsn,ka,jwj)
Thus, from the equations (1.5) and (1.6), we have ¢([S; x][Tk;]) = ¢([Six))d([Tk]),

so that ¢ is a homomorphism.

Next, we show that ([T} ;])* = ¢([T};]), i.e. that ¢ is a x-homomorphism.

hy fi
Leth=| : |,f=1] : | € H™. Then
ha, In
hy fi hy J1
< e >= <¢([Tz’,j]) S I >
. In h, In
< X0 _1Th(hy) fi >
X1 Th(hy) fn

= <Z?:1T1,jhj7 f1> + ...+ <E?:1Tn,jhja fn>

= XL X (Thy, fi)
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= 22j=1<Ti,jhj7 fz>
= E?,j:1<hjv Tj*zfz>

= (h, BT ) + o+ (B, BT )

< hy i I7 i fi >
B, i Iy
hy Ji

= < : 7¢([T1*1]) : >
hy, fn

= G((T,])" — o((T3]) = 0
= ¢([T;4])* = &([T};]). Thus ¢ is a x—homomorphism.

and hence a x—isomorphism. Moreover, this ¢ is a representation
of M,(B(H)) on the Hilbert space H(™. ¢ is called *-isomorphism of
M,(B(H)) onto B(H™). Therefore, we can identify M, (B(#)) with
B(H™). Thus, M,(B(H)) = B(H™). This identification gives us a
norm that makes the x-algebra M, (B(H)) a C*-algebra by the proposition

1.7.4 below.
Proposition 1.7.4

Let ¢ : M, (B(H)) — B(H"™) be a x-isomorphism. Then

T30l = Nle(T Dl

is a norm and hence M, (B(H)) is a C*-algebra.
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PROOF. It is clear that ||[T;]|| is a norm and that it is submultiplicative.

We now show the condition ||[T; ;]*[T;;]1| = [[[T:;]11%, ¥ (T3] € Mn(B(H)).

T Tl = supd (T3] [T D, WL b€ H, [|A]) = 1}
= sup{[(([T3,;)h, [Ti;]M)| - h € H, |[p]| = 1}
= sup{|[([T3,])hl* : h € H, ||h]| = 1}

= [T,

We have, ||[T;;]11> = ||[T:.;]*[T:,]||. Hence M, (B(H)) and B(H™) are
s-isomorphic *-algebras via [T};] <> [T;;]. This means that M, (B(H)) is
a C*-algebra if we define the norm on it by considering the elements as

operators on H™.

We also have that

(T, DI = (T (T,
< llo(IT, 1) Mo (T3
< Ml MM DI
< [T, DI

Iy

since M,,(B(H)) is a x-algebra. Hence

(Tl [TDIl < NZel* (1.7)

It remains to show |¢([T;;]* [T = [Tl Let b € H™ and
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||h]] = 1, then

NTlI* = (Tl
= sup{(¢([T5;D)h, o([Ti 1)) - |h]] = 1}
= sup{{(@([T5,;])"o([Tig)h, h) = [[n]l = 1}
= sup{(@([Tig]"[ToDhy by = [[All = 13
sup{[(@([To]"[Ti Dk, )| = (Al = 1}

IA

sup{[|o([ 351" [T DAL = IRl = 1}
sup{ [l (T3, " [T DINAI = |2l = 1}
1T )" [T DIl

*
*

IA

J
7j

IN

Hence

TP < lo((Tos [Tl (1.8)

From the inequalities (1.7) and (1.8), we have

(T3] [TiDI = Tl

O
Proposition 1.7.5

If ||.|| is a complete C*—norm on a x—algebra A, then it is given by the

expression

lal| = 7(a*a)?, Va € A,

where r(a) is the spectral radius of a. Hence a C*—norm on a x—algebra
is unique if it exists
Theorem 1.7.6

There is a unique norm on M,(B(H)) making it a C*-algebra.
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Proor. That M, (B(H)) is a C*-algebra has been shown in Proposition
1.7.4. It remains to show the uniqueness of this norm. For if ||.||; and

||.|l2 are norms on the x—algebra M, (B(H)) making it a C*-algebra, then

NTE = Tl [Tl = r(T]" [Tl = sup A%
Aeo([Ti,31*[Ti,5])
Similarly,
T2l = NTos) [Tl = r(T) [T = sup A
A€o ([T 5]*([Ti 5])
Thus, ||[Z;;]|l1 = [|[Z7,]||2- Hence the norm is unique. O

In conclusion, given an arbitrary C*-algebra A, by Gelfand Naimark
Segal, A is a closed self-adjoint subalgebra of B(#) for some Hilbert
space ‘H. This means that M,(A) is a closed self-adjoint subalgebra of
the C*-algebra M, (B(H)) = B(H™) and hence a C*-algebra.



Chapter 2

COMPLETELY POSITIVE
MAPS

In this chapter, the notion of complete positivity has been introduced.

Examples of positive and completely positive maps are discussed.

2.1 Properties of Positive Maps and oper-

ator systems

Definition 2.1.1
A linear map ¢ : M,, — M}, is called positive semidefinite if for any real
number [, matrices A, ..., 4; € M,, and any vectors z1,...,7; € C¥, we

have l

> (b(A7Aj)a, ). > 0,

ij=1
or equivalently if it satisfies x*Ax > 0 for all z € C".
Definition 2.1.2

A matrix A € M, is called positive if it is Hermitian and all its eigen-

35
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values are non-negative, or if there exists some matrix B such that it can
be written A = B*B, or equivalently if it is positive-semidefinite or if
eigenvalues of A are nonnegative.

Definition 2.1.3

A linear map ¢ : A — B between C*-algebras is said to be positive

if it maps positive elements of A to positive elements of B. That is, if

G(AT) € ¢(BT).

This map is bounded if there exists an element x € A such that

[¢(z)|| < cf|z]],c € C.

¢ is contractive if ||| <1
Definition 2.1.4
An operator space is any subspace M of some C*-algebra, in particular,

B(H) for some Hilbert space H, together with a well-defined sequence of
matrix norms on M, (M) where M, (M) C M, (B(H)) for all n > 1.

Thus an operator space carries not just an inherited norm structure, but
these additional matrix norms, see Proposition 1.7.4

Definition 2.1.5

If A is a unital C*-algebra, then a subspace S C A such that 1 € S and

S = §* is called an operator system, where

S*={a":a €S}

The following proposition shows that a positive map must be contin-

uous.
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Proposition 2.1.6
Let S be an operator system and B be a C*-algebra with unit. If
61 S — Bispositive then (1) < o]l < 2/6(1)].

PROOF. Let p be positive element in S. Then 0 < p < ||p||1. By using
linearity of ¢ we obtain that 0 < ¢(p) < [[p[[¢(1). So [[¢(p)I| < [|pll[l(1)]]

Any selfadjoint element h € S is the difference of two positive elements

in S since

it fp =k

h
2 2

Again by linearity

oty = (LERY _ g (W1=0),

So ¢(h) is the difference of two positive elements. By the first part of the

proof we see that

le(h)] < %maXIWIIhH-l +h) L e (1Al =) | < [[Alllle(D)]]-

Finally, let a € S be an arbitrary element. We can write a = b+ ic where

b and c¢ are selfadjoint with ||0]|, [|c|| < ||all.

Hence

lp(a)[l < o)l + o)l < llollllo(M + el < 2[lalllle(L)]]-

This shows that [|¢] < 2||¢(1)]]. Since the other inequality is trivial,
ie o) < [lollILll = ll¢ll-1 = [|@[l, the assertion follows. O
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Theorem 2.1.7
Let S be an operator system and B be a C*-algebra with unit. Ifp : S — B

is a positive, linear functional on an operator system, then

o]l = ¢(1).

Proor. 0 <[lo(D)[l < lloflI1 < [4]]. Set ¢(1) = 0 Then,

o(1) <ol (2.1)

On the other hand, let a € S be positive. Then, 0 < a < ||a.1.

Since ¢ is linear, we have

0 < ¢(a) < [lal.o(1).

Taking the supremum with ||a|| < 1, we get

18] < (1) (2.2)

From inequalities (2.1) and (2.2) we obtain, ||¢| = ¢(1).
U

2 is the best constant in Proposition 2.1.6 as illustrated in the following
example.
Example 2.1.8
Let 7 denote the unit circle in C, C'(7) the space of continuous functions

on T, z the coordinate function, and S C C(T) the subspace spanned by
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1,2, 2. Define ¢ : S — B by

dla+bz+cz) =
2c a
a+bz+cz € S is positive if and only if ¢ = b and a > 2|b|. A self-adjoint
element of M,(C) is positive if and only if its diagonal entries and its

determinant are nonnegative real numbers. Thus ¢ is positive. However

2o =2 = llo(2)| < lI¢ll = lloll = 2llo(D)]].

We now consider properties of the domain that ensure that unital, positive
maps are contractive.

Lemma 2.1.9

Let A be a C*-algebra with a unit, and let p;;i = 1,...,n, be positive

elements of A such that
Zpi <1
i=1

If \j;i =1, ...,n, are scalars with |\;| < 1, then

<1

Z AiDi
i=1

Proor. We have

2 Aipi 0 - 0
0 0 --- 0
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pi/? o pll? A O - 0 p/? 0

0 ... 0 0 0 --- 0 0 .- 0
pu— >< .

0 ... 0 00 --- \, p/? 0

The norm of the matrix on the left is || | A;p;||, while each of the
three matrices on the right have norms less than 1.
Thus, || >0, Api || < 1. O
Theorem 2.1.10
Let B be a C*-algebra with unit, ) be a compact Hausdorff space and
C(§2) be the space of continuous functions on Q. Let ¢ : C(Q2) — B be

a positive map, then ||¢| = ||¢(1)]|.

PROOF. Assume that ¢(1) < 1. Let f € C(Q),[|f]] < 1 and e > 0
be given. First, choose a finite open covering {U;}? ; of © such that
|f(w) — f(wi)] < e forw € U, and let {p;} be a partition of unity
subordinate to the covering. I.e, {p;} are nonnegative continuous func-
tions satisfying Y "', p; = 1 and p;(x) = 0 for x ¢ U, i = 1,...,n. Set
Ai = f(w;), and if p;(w) # 0 for some ¢, thenw € U; and so | f(w) — \;| < e.

Hence for any w,

n

D (f@) = A)pi(w)

=1

Z |f(w) = N| pi(w) < Zs.pi(w) =c.

‘f(W) - Z Aipi(w)

IN
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Finally by Lemma 2.1.9, |37, i¢(pi)|| < 1, so that

oI < |jo(f — Z)\ipi) + Z)\i¢(pi) <1+ell,
i=1 i=1
and since ¢ was arbitrary, [|¢| < 1. O
Lemma 2.1.11
(Fejer-Riesz). Let 7(¢) = St | a,e™ be a strictly positive function

on the unit circle T. Then there is a polynomial p(z) = S."_ p,z" such

that

7(e”) = [p(e”)[.

PROOF. Since 7 is real-valued, a_, = a,, and ag is real. Assume a_y # 0.

Set
+N

g(z): Z Cann—i-N’

n=—N
so that ¢ is a polynomial of degree 2N with g(0) # 0. We have g(e?) =

7(e).e"N? £ 0. Antisymmetry of the coefficients of g implies

9(1/2) = = *g(2).

This means that 2N zeros of g may be written as 2y, ..., 2y, 1/21, ..., 1/Zn.

Set q(z) = (z—21)...(2—2n),h(2) = (2—1/Z)...(2 — 1/Zy) and have that

9(2) = anq(z)h(z),

with
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Thus
) = e Mig(e) = |g(e?)
= lan|-lg(e”)[.[n(e?)]
_ an NE
— 1)
0y _ ([ pi0)|2 _|_an _|1/2
so that 7(e") = [p(e)[*, where p(z) = | 2| 2q(2). d

Writing p(z) = ag + ... + anz?, then 7(e?) = Zl{\;:O aae’ R0 5o
that the coefficients of every strictly positive trigonometric polynomial
(positive trigonometric polynomial) have this special form.

Theorem 2.1.12
Let T be an operator on a Hilbert space H with ||T|| < 1, and let
S C C(T) be the operator system defined by

S = {p(e") + q(e?) : p,q are polynomials}.

Then the map ¢ : S — B(H) defined by ¢(p + q) = p(T) + ¢(T)* is

positive.

PROOF. We prove that ¢(7) is positive for every strictly positive 7. In-
deed, if 7 is only positive, then 7 + €[ is strictly positive for every ¢ > 0,
and hence we have ¢(7) + el = ¢(7 +¢el) > 0, it follows that ¢(7) > 0.
Let 7(e') be strictly positive in S, so that 7(e”) = 31" qae’H7.

We must prove that

qb(T) = Z OélO_ékT(l - k))

1,k=0
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is a positive operator, where we define

I, j=0;
T(j) = A Fix a vector = in H and note that

T3, <0,
I T ... T
T tee a1 ax

(6(r).) = < s L] > e3)

) SR A QT QT
T .. T T

Thus, we just show that the matrix operator is positive. Set

0 0
T

R=10
0 07T 0

and note that R"™! = 0, ||R|| < 1. Using I to denote the identity operator

on H™, then the matrix operator in 2.3 can be written as
I+R+ R+ .  +R'+R+. . +R"=I-R '+ —-R)"'—1

This latter operator is positive, for, fix h € H™, and let h = (I — R)y for
y € H™. We obtain

(I-R)7+ (I -R)" =Dhh) = {y,(I-R)y)+
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(I =Ry, y) — (I =Ry, (I - R)y)

= |lyl* + | Ry[* > 0,

since R is a contraction.

Corollary 2.1.13

Let B,C be C*—algebras with unit, let A be a subalgebra,1 € A, and let
S=A+A". If ¢ : S — C is positive, then ||¢(a)| < ||¢(1)]].]|a| for all
aec A

PROOF. Let a € A, |la]] < 1. By Proposition 2.1.6 and Example 2.1.8,
we may extend ¢ to a positive map on the closure, S, of S. There is a
positive map ¢ : C(T)) — B with ¢(p) = p(a). Since A is an algebra,
the range of 9 is contained in S.

Clearly, the composition of positive maps is positive.

lo(a)ll = llg 0w ()]l < llg o w(V)all.e”]l = 6(Dall < llo(1)]lllal.

If ||¢p(1)|| = 1, then ¢ is a contraction. 0
Corollary 2.1.14

(Russo-Dye). Let A and B be C*-algebras with unit, andlet ¢ : A — B
be a positive map. Then ||¢|| = ||¢(1)]|.

PRrooOF. By Corollary 2.1.13, we have ||¢(a)|| < ||¢(1)].]|a|| for all a € A.

Taking the supremum over all a with ||a]| < 1, we have

ol < lle(V]l- (2.4)
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On the other hand, let a = 1 be the unit in A then from
[o(a)[| < lo(L)]l-lla]l for all a € A, we have [|gp(a)]| < [[¢(1)]]-[la]] =
[ < [[¢L < [T = ll¢[l. Thus,

oD < llell- (2.5)

From inequalities (2.4) and (2.5), we have ||¢|| = ||¢(1)]|. O
Proposition 2.1.15
Let S be an operator system, B a unital C*-algebra and ¢ : S — B a

unital contraction. Then ¢ is positive.

PRrROOF. Define f(a) = (¢(a)z, z), with ||z|| = 1. Then, we have

Il = sup(¢(a), z)] : [la]| <1,
sup, lp(a)z[[[«]

sup [|o|[lal[|z[[[l«]
Jall<1

= loll

IA

Since ||¢]| < 1, is a contraction, ||f|| < 1. Thus, f > 0= f(a) > 0 so
fla) = (¢(a)z,z) > 0 for all a > 0, which implies that ¢(a) > 0 so that

@ is positive. ]

2.2 Examples of positive Maps

Example 2.2.1
Let S be an operator system, B a unital C*-algebra and ¢ : § — B a

unital contraction. Then ¢ is positive by proposition (2.1.15)
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Example 2.2.2

Let f : A — C be a bounded linear functional on a C*-algebra A, then f

is positive by theorem 1.6.24

Example 2.2.3

Let A be a C*—algebra, 7 : A — B(#) a representation and

¢ : B(H) — C ahomomorphism defined by ¢(a) = (n(a)h,h), a € A, h € H,

then ¢ is positive.
For, let a € A be positive, then there exists a b € A such that a = b*b.
¢(a*a) = (m(a*a)h, h) = (7(a*)m(a)h, h) = (r(a)h, w(a)h) = |7(a)]| = O.

Therefore, ¢(a) is positive and so is ¢.

Example 2.2.4
Let A be a C*-algebra and {E;;}7,_, € M(A) denote the system of
matrix units for M,,(A) with 1 at the i-row and j-column and zero else-

where, i.e.

1 0 01 00 0 0
Ey = , g = , Boy = and Eyy =
0 0 00 1 0 01

Let ¢ : A — A be the transpose map, defined by
p(A) =AT, VAc A

ThUS, (ﬁ(Ez’]) = Ej,i-
Let A — B(H) and = € H.

If v =(—1,2) € H, we have
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We also have

1 0 -1 —1
(p(Ery)z, ) = < : >

Therefore, F1; and ¢(FE11) are positive. Hence a transpose map is positive.

2.3 Completely Positive Maps

If S C A is an operator system, we endow M, (S) with the norm and
order structure that it inherits as a subspace of M, (A).

Definition 2.3.1

Let B be a C*—algebra, and ¢ : S — B a linear map, then we define maps
On : M (S) — M, (B) by ¢n([ai;]) = [¢(a; ;)] foralln € N, [a;,] € M,(S).
¢ is n-positive if ¢,, is positive, and we call ¢ completely positive if ¢

is n-positive for all n € N, equivalently, if ¢,, is positive for all n € N .
Proposition 2.3.2

Let [T; ;] € M,(B(#)), then [T} ;] is positive if and only if for every choice

of n vectors w1, ..., x, € H, the scalar matrix [(T; ;x,x)] is positive.

PRrOOF. Let [T;,] € M,(B(H)) be positive. We prove that, for every

choice of n vectors z1, ..., z,, € H, the scalar matrix [(T; jx;, x;)] is positive.
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Since [T} ;] € M,(B(H)) is positive, there exists [S; ;] € M, (B(H)) such
that
T'i,j - S;iSi,j.

We have

(Tyjaj,m) = (S5:Sijm, i)
= (Sijzj,Si;Ti)

= ||Si;z|* > 0.

Conversely, let the scalar matrix [(T;;z;,x;)] be positive for every
r € B(H"), we prove that [T} ;] € M,(B(#)) is positive. This implies
that .
(T 5, w:) = (2T jwy, 1) = Y @iy > 0.
ij=1
Let {m,H,zo} be an arbitrary cyclic representation of B(H). Then for
each vector z = " ;R e; € H = HQ H,, we have

J=1

Tl = 3 (70 (1, R ) I R )

1,j=1

— iil (W(Tk,j) (xj ®€k) i ®e¢>

= > (n(Tij)z|z:) .

,j=1

Choose sequences {2 : m = 1,2, ...} € B(H) with z; = lim,, , m(2")xo.
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We have

F(T)lr) = Tim S (v(Ti)m (1) oln(e7)ao)

1,j=1

Jim (ﬂ <Z<w?>*ﬂ,jx§") |> >0,

ij=1

Hence 7(T) is positive for any cyclic representation 7 so that 7' > 0. Thus

[T} ;] is positive.

Proposition 2.3.3

Let A be a C*—algebra, H be a Hilbert space and M C A be an op-
erator space. We set M* = {a* : a € M}, an operator space. If
¢ : M — B(H) is a linear map, then the map ¢* : M* — B(H)*
defined by ¢*(a*) = ¢(a*)* is also linear. We can define their corre-
sponding linear maps: ¢, - My(M) = My(BH)) by 6n(las] = [0(ai,)
where [a;] € My(M) and 6, : My(M?) = My(BH)") by &% ([ai,]%) =
16°(025)°] = [6((aes)*)"], ¥ = 1,y then ¢* = ¢ and ¢ = dn.

PrOOF. Let a, 8 € C and a,b € M, then by definition, aa + b € M so
that (ca + 8b)* € M*. We have

¢ ((aa+Bb)*) = ¢ ((aa+ pb)")"

= ¢(aa* + pb*)*
$(a(a”)" + B(b*)")

= (ag(a’)" + Bo(b)")

= ag*(a”) + Be"(07)
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Hence ¢* is linear.

Let h € ‘H, then

([¢"(aij)|h by =

This implies that

0 = ([¢"(ai;)Ih, h) — ([¢(ai;)lh, h)
= ([(¢* — ¢)(ai;)]h,h) since |a; ] € M,(A) is sel f adjoint.

Thus ¢* — ¢ = 0, so that ¢* = ¢.

We also have,

(On(laig])h, h) = (Pn[ai ), k) = (n(laiz])h, h).

0 = ([on(aiz)lh, h) = ([Pnlaiz)]h, h)
= ([(¢), — ¢n)(aij)]h, h) since [a;;] € M,(A) is self adjoint.

Thus ¢}, — ¢, =0, so that ¢ = ¢,,. Thus, ¢,, is hermitian. O
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2.4 Examples Of Completely Positive Maps

Example 2.4.1

Let A and B be unital C*-algebras and 7 : A — B be a x-homomorphism
with m(1) = 1. Let also each of the maps m, : M, (A) — M, (B) defined
by

mn([aij]) = [7(ai;)] for all [a;;] € M,(A) and for all n € N be a * -

homomorphism, then 7 is completely positive.

Let [a; ;] € M,(A) be positive, then there exist [b; ;] € M,(A) such
that
[ai ] = [(bi;)"bi ]

We show that 7 is positive and completely positive. We have that
m(ai;) = w((bi;)*bi;) = m(bi;) m(bi;) = 0.

This implies that 7 is positive.

Since each map, 7, : M,(A) — M, (B) defined by m,([a;;]) = [7(a; )]

is a *-homomorphism, by definition we have

Tallais]) = Tu([(06)"bis]) = [((0es)"bi)]
= [ (bij) 7 (bi )] = 0.

Thus, 7,([a;;]) > 0 for every n € N. This implies that 7 is completely
positive.

Example 2.4.2

Let Abe a C*—algebra, 7 : A — B(H) arepresentationand ¢ : B(H) — C
a homomorphism defined by ¢(a) = (w(a)h, h), a € A, h € H. Let also
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¢n © My (B(H)) = M,(C) be linear maps defined by ¢,([a;;]) = [¢(as;)],
for all [a;;] € M, (A), then ¢ is completely positive. For, let a € A be

positive, then
¢(a*a) = (w(a*a)h, h) = (w(a*)m(a)h, h) = (w(a)h, 7 (a)h) = |7 (a)l] = 0.
Therefore, ¢(a) is positive and so is ¢.

Let [a;;] be positive and Let h € H", we have

On(laij] [ai]) = [@(aij) (aiy)] = ([7((aij)"(ai;))]h, )
(

Hence ¢ is completely positive.
Example 2.4.3

Let A and B be unital C*-algebras and x and y in A be diagonal matrices,

where [z, ;] = and [y, ;] =
0, 7. 0, i+ 3.
Define ¢ : A — A by ¢(a) = zay. Then ¢, : M,,(A) — M, (A) is
given by én([ais]) = [wij]lais]lyig],  [wigl, laigls [yis] € Ma(A), then Let

r = y* and we may assume without loss of generality that (a; ;) is a unit

matrix. Then,

¢la) = yray
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which is positive.

100

0

10

23



Chapter 3

COMPLETELY BOUNDED
MAPS

In this chapter, we have given the relationship of boundedness and com-
plete boundedness. Some of the elementary properties of the completely
bounded norm and relationship of complete positivity against complete
boundedness have been investigated. Examples and counter examples

have also been discussed.

Definition 3.0.4

Let A and B be C*—algebras, M C A be an operator spaceand ¢ : M — B
a linear map, then we define maps ¢, : M, (M) — M, (B) by

on(lai;]) = [¢(a;;)] for all n € N, [a;;] € M,(M). ¢ is completely
bounded if the completely bounded norm ||¢||s is finite, that is, the
sup{||¢n|| : » € N} is finite. We set

|9les = sup{||pnll : n € N} < o0.

Completely contractive indicates that |||, < 1.

o4
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Proposition 3.0.5

Let ¢ : A — B be a linear map from the C*-algebra A to C*-algebra
B. Let the maps ¢, : M,(A) — M,(B) defined by ¢,([a;;]) = [¢(ai;)],
la; ;] € M,(A) be positive for all n, then ||¢||s = sup{||¢n.|| : » € N} is a

norm on [a; ;] € M,(A).

PRrROOF. (a) We show that ||¢||s is non-negative.

We have that

[[énll = SléIN){H%([ai,j])H Hlaisll < 13 = supflffo(ai )]l - [lai;ll < 13 = 0.

Therefore,

16lo = sup{llénll: n e N} < oo
~ qwp {igg{ucbn([ai,jbn Nas, | < 1}}

< sup {ilélg{\lcbn!\ll([ai,j]ﬂl Hlassll < 1}}

= sup ||¢n].
neN

we have that

[@lles < sup [|gnl| < oo,

for some n € N. That is, there is an n € N such that

186 < [l nll. (3.1)
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Also, the complete bound norm of ¢ is given by

[6]]ce = sup [|én| < oo

This implies that

So from inequalities (3.1) and (3.2) we have

[@lles = ll@nll > 0. (3.3)

Thus,
[6]lce = sup [|n]]

is non-negative.

(b) We prove that ||¢||s = sup,, [|¢.] = 0 if and only if ¢,, = 0.

If ¢, =0, Vn €N, then [[¢,[| =0, Vn € N. Thus,
|6]lev = sup{||én|| : n € N} = 0.

(c) Next, we show that ||a¢||s = |a|||@||ew, o € C.
We have,

|aglle = sup{[lagn| : n € N} = sup|a||¢n]|
neN
= o sup ¢l
neN

= lall[]le.
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(d) Finally, we show the triangle inequality.

Let A and B be C*-algebras and ¢ : A — B also be a linear map.
Then, it is clear that ¢ + ¢ : A — B is also linear. Let the maps
©n + My (A) — M, (B) be defined by ¢,([a;;]) = [p(ai;)], for all
[a;;] € M,(A). Then,

IN

16+ @lley = sup [[¢n + @l sup{||énll + [l¢all}
neN neN

IA

sup |[¢n | + sup [l¢y ||
neN neN

1@lles + lollen (triangle inequality).

Thus, ||¢]|e = sup{||¢n|| : » € N}isindeed anormon [a; ;] € M, (A).
U

If ¢ is n-positive, then ¢ is k-positive for k& < n. Also ||¢x]] < ||onll

for k <n.

To show the first part of this statement, suppose that ¢ is completely
positive, then by definition ¢ is n-positive for alln =1,2,....k,... ., n — 1
so that ¢ is k-positive. For the second part, we prove the following propo-
sition.

Proposition 3.0.6

Given a C*—algebra A, an operator space M C A and a linear map ¢ :
M — B. Let the maps ¢,, : M,,(M) — M,(B) be defined by ¢,(|a;;]) =
[#(ai )], V [ai;] € M,(A), then norms ||¢,|, n € N form an increasing

sequence

16l < llgoll < ... < i¢nl]

and [onll < nlloll, ¥neN.
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PRrROOF. We define the linear map ¢ : M — B(H) by ¢(a) = (¢(a)x, x),

where a € M and x € H

Let n = 1, then by definition ¢, ([a;;]) = [¢(ai;)], i,j = 1, we have
o1([a11]) = [¢(a11)]. Therefore

ool = sup{ll¢s(lai Dl - Nlaisll < 1, 4,5 =1}
= sup{|l[¢(ai Il - [laisll < 1,45 = 1}

= sup{[[[p(an)]l : flarll < 13 =[]

¢1 coincides with ¢ so that ||¢|| = ||¢1]]-

We now consider case when n = 2.
Let [a; ;] € May(M) 4,7 = 1,2, then for the maps ¢ : My(M) — My(B(H)),
defined by ¢ ([as]) = [6(aiy)], 3,7 = 1,2 where ¢lai;) = (#(as;)w, 1)
We have

[goll = sup {llga(ai; DIl : laisll < 1.4,5 =1,2}
= sup {[ll¢(ai)ll : llaisll < 1.4,5 = 1,2}

> sup{||[p(ar )]« [larall <1} = flu]-

Thus {|gaf| = [|é1]]-

We have

lgsll = sup{llgslaiDl : llaisll <1,7,5 =1,2,3}
= sup{[[[p(ai)lll - llaisll <1,4,5 =1,2,3}

> sup{|[[¢(ai)]l = laisll < 1,45 = 1,2} = [lga].
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Thus {|gs]| = [|]]-

In general, consider the maps

Pn : Mp(M) = M, (B(H))

defined by ¢,,([a;;]) = [¢(ai;)] V 4,5 =1,2,...,n. By the above calcula-

tion we have that

[onll = sup{lon(laiDIl : llaisl <1,4,5 =1,...;n}
= sup{[[[p(aiy)lll : [laizll <1,4,5 =1,...n}

= sup{|[[@(ai)]ll - lai;ll < 1,45 =1,....,n =1} = |[pn]].

Thus ||, > [|¢n_1]-

Thus, by upward induction we have,

16l < N2l < o < llgn1ll < [I6nll.

In the second part of the proposition, we show that ||¢,| < n|/é].
Let ||ai || <1 for all i,j = 1,...,n. Define ||[a;]|| for all [a;;] € M,(M)
by

n
> s>

2,j=1

eIl =

Then we have,

[onll = supdlign(aiDll - laisll < 1,4,5 =1,....;n; n € N}
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— sup {lBlas)ll : llaisll < 1,05 = 1,..on}

n
= s d | S 10 fasgll € 14 = 1,
\i,j:l
n
< sup Z H¢||2Ha%]‘|2 : ||al,]“ < 177:7.j = 17"'7”
\z‘,j:l
n
= llollsup q (| D llaigll? : llaggll < 14,5 = 1,....m
ij=1
= nol.

Thus ||¢n]| < nl|¢|| for all n € N

3.1 Properties of Completely bounded Maps

Lemma 3.1.1

Let A and B be unital C*-algebras and 7 : A — B be a x-homomorphism
with (1) = 1. Let also each of the maps m, : M,(A) — M, (B) defined
by mn(laij]) = [m(ai;)] for all |a;;] € M,(A) and for all n € N be a
x-homomorphism, then m is completely positive and completely bounded

and that ||| = |7, = [|7]|a = 1.

Proor. Complete positivity of the map has been shown in example 2.4.1.

We now prove the boundedness and complete boundedness of 7. Let

m([aij]) = [1(ai;)] = [cij] € My (B) for some [a; ;] € M,(A). Then,

7l = sup{llx([ai ;DI - [laisll < 15 n € N}
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= sup{|[[m(ai )]l : [lai;| <1}
= sup{||[ei]l| : leijll < 1}

= 1

This implies that 7 is bounded. That is, a positive map is bounded.

Now, let n € N be finite, then

[mall = sup{llma(lai;DI : flaigll < 1, i =1, m; 5 =1,....m;
I1<m<neN;ixj=nxn}

— sup{lrla)l : laig <1, 6= 1,0ims j =1, m}

= sup \ZZ [ (aig)[? : [lai ]l <1

i=1 j=1

n m
< supq DD ImlPllasgl? < flagll < 1
\ i=1 j=1
n m
= lmlsup q (| D> llaigll? - llaigll < 1
i=1 j=1

= n|r| =n.

Thus ||m,|| < n.

Taking the supremum of both sides, we get

sup{||mn]| : n € N} = n.
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Therefore,

HWch = SUP{H%H 'n e N} =n < o0.

Thus 7 is completely bounded.

We now show that ||| = ||m|| = ||7||le = 1 with (1) = 1.
7l = sup{[lw(fai; DIl : ai;ll <1, neN, 4,5 =1,..,n}.
= sup{||[m(ai;)]l : lai;l| <1 4,5 =1,...,n}, 7 is linear.
Imall = sup{llma(fai ;DI = llaisll <1, n €N, 4,5 =1,....n}.

= sup{||[m(ai)]ll : llaisll <1, 4,5 =1,...,n}.
= |[l=ll
= ||| = [|7]]
From equation (3.3), we have that ||m,|| = ||| -

We now let a; ; = 1, then

[mnll = sup{[lmn([1])] - 7 € N}.
= sup{||[=(D)][[}
= sup{[|[i]fI} = 1.
= ||mn|| = 1. Furthermore, taking the supremum of both sides of this

equation, we have

sup{||mn|| : n € N} =1,
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which implies that ||7||e, = sup{||ma]| : » € N} = 1 < co. Thus, 7 is

completely bounded and that,

7l = llmall = fl7lles = 1.

Proposition 3.1.2

Let A be a C*—algebra, H be a Hilbert space and M C A be an op-
erator space. We set M* = {a* : a € M}, an operator space. If
¢ : M — B(H) is a linear map, then the map ¢* : M* — B(H)*
defined by ¢*(a*) = ¢(a*)* is also linear. We can define their corre-
sponding linear maps: ¢, : M, (M) — M, (B(H)) by ¢n([a;i ;| = [¢(ai;)])
where [a;;] € My(M) and 6, : M(M?) = My(BH)) by &5 ((as 1) =
6 (@2)") = [0((@s)*)"], ¥ i = 1o, then gl = 4% and hence
|Dnlles = || 0% b, for all n € N.

PRrROOF. By definition,

lonll = ilelg{||¢2([@i,j]*)|l Hlaigll < 1%
= sup{||[o(aj,)’]ll : [lai;ll < 1}
= sup{|[o(a;})]ll : [lai;ll < 1}
= sup{|[[¢(ai )]l : [lai || <1}
= sup{fién(lai )l flassll < 1}
< ilég{|!¢n||||[az‘,j]|| Hlaigll < 1%

= lleall-
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Thus,
1651l < llnll- (3.4)
Similarly,
[énl = iléIND{H%([ai,j])H Hlaggll < 1}
= ilég{H%([@f,ﬂ)H Hlagyll < 1}
= sup{||[¢(aj;)"]l| : [las;l| < 1}
= sup{[|[¢"(aj ]Il : [lai;l| < 1}
= itelg{HéﬁZ([ai,j]*)H il < 13
< ilég{||¢2||||[az‘,j]*|! Haigl < 13
= |l¢nll-
Thus,
[énll < @5l (3.5)

From (3.4) and (3.5), we have

1@nll = llnll (3.6)

Taking the supremum over n on both sides of equation (3.6), we get

[¢llcs = sup [[@nll = sup [ ]| = [|¢"|b-
neN neN
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3.2 Examples Of Completely Bounded Maps.

Example 3.2.1

Let A and B be unital C*-algebras and ¢ : A — B be a x-homomorphism,
then ¢ is completely positive and completely bounded by Lemma 3.1.1.
Example 3.2.2

Let A be a C*—algebra, 7 : A — B(H) arepresentationand ¢ : B(H) — C
a homomorphism defined by ¢(a) = (mw(a)h,h), a € A, h € H. Let also

¢n : My (B(H)) — M, (C) be linear maps defined by ¢, ([ai;]) = [¢(as;)],
for all [a;;] € M,(A), then ¢ is completely bounded.

Let m(a; ;) = ¢;j € M,(B(H)). We have,

[¢(lai DIl = sup{[{[m(aiz)]h, B)| : [|B]] <1, [lai;]| < 1}
= sup{|[[m(ai)]R[l[[2]] - Al <1, [[ai;]| < 1}
< sup{[|w(ai)[|AIIR] - [[R] < 1, flai ) < 1}
= sup{[les,ll[IA17 = [[R]] <1, fleis] < 13

= 1

That is,
o] <1 (3.7)

Hence ¢ is contractive. This also implies that ¢, is bounded.

Now,

[én(lais DIl = [llo(as)]I
= sup{[([m(ay)h, h))[ - [[P]] < L flaisll <1 4,5 =1,...,n € N}

= sup{[[[r(ai)]hllIAll : IA] < L [lagsll <1 4,5 =1,...n}
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IA

sup{ || (ai) [H1AINIAL 16 <1, llail <145 =1,...,n}

IN

sup{[I7 | llai; [[1B1° - 1Al < 1 el <1 4,5 =1,...,n}

I7f] = 1.

From this, ||¢,|| < 1. Thus, ¢, is bounded. Taking the supremum on
both sides of this equation. That is, sup,,cy ||7»| = 1, which implies that

¢ is completely bounded.
Let a = 1, then ¢(1) = (w(1)h, h) = (h,h) = ||h]|* = 1.
We also have that [|gn([a;]) || = [[[¢(aip)]l| < [[9]]l[(ai;)]| so that [|gnl] < |[4]].

On the other hand [|¢|| < ||#,] by the lemma above, so that the

equality holds.

1 = ¢(1). Taking the norm on both sides, we get
L= = eI < llelllll = loll = llol = 1.

Together, we have ||¢|| = 1.
Example 3.2.3
Let A and B be unital C*-algebras and z and y in A be diagonal matrices,
where [z, ;] = T = and [y, ;] = b =
0, i#j. 0, i#j.
Define ¢ : A — A by ¢(a) = xzay. Then ¢, : M,(A) — M, (A) is

given by ¢n([ai;]) = [wijllaijlyigl, (i) @il [yij] € Myu(A), then

[fn((ai)l = ll(zaizv)ll
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z 0 0 y 0 0
Q11 - Qin

0 0 0 0
Ap1 -+ Qpp

0O --- 0 =z 0 -~ 0 gy

< el (ai )yl

Taking the supremum over all (a; ;) with ||(a; ;)| < 1, we obtain

[@nll < llzllllyll-

Thus, ¢ is completely bounded, and taking the supremum over all n € N,

sup [|gn |l = ll¢llee < [l]-ly]l-

Example 3.2.4
Let H; and H, be Hilbert spaces, V; : H1 — Ho,1 = 1,2, be bounded op-
erators and 7 : A — B(H3) be a x-homomorphism. Define ¢ : A — B(H;)
by

o(a) =Vim(a)V1 ¥V a € A.

Then ¢ is completely bounded and that
[@lles < [VAIl[[V2-
Let z,y € H; be of unit lengths, then

[(on(a@)z,y)] = [(V5 @ Lir(a)Vi @ Ly, y)|

= [m(a)Vi @ Lz, Vo ® Ly)]



CHAPTER 3. COMPLETELY BOUNDED MAPS 68

< lm(@)Vi @ Luxl[[[Va ® Lyl
< A= lHI@IIVall iz Vallllyl
< [(@lVallllzl[l[Valllly[l since |[x]| = 1

< =@V @ Lllllz[[[[Va @ L[yl
< A=) IIValllz{Vallllyl
< ll@ValllleIVallllyll since x| = 1

Taking the supremum over all n € N with |la]] < 1,||z] < 1,]jy|| < 1,
we have that sup,, ||¢n| < [[Vi]|]||[Vz]|| < oo, since V; and V5 are bounded.
Thus ¢ is completely bounded and ||¢|s < ||V ||| V]|

Example 3.2.5

This is a counter example. That is, a map that is completely bounded

but not completely positive.

Let A be a C*-algebra and {E;;}; ., € My(A) denote the system of

ij=1
matrix units for My(.A) with 1 at the i-row and j-column and zero else-

where, i.e.

1 0 0 1
Ey = , Big = , B9 = and Ehy =
0 0 00 1 0 0

Let ¢ : A — A be the transpose map, defined by
p(A) =AT, VAc A

¢ is positive by example 2.2.4

Also, [|Ei ;|| = sup{[|Ei x| - v € H, |lzf| = 1} = 1.
So |9(Eij)ll = 1 Ejill = sup{|[Ejiz]| - # € H, |l=f] = 1} = 1.
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Taking supremum with || E; ;|| < 1, we have ||¢] = 1.

Alternatively, || E; ;|| = sup [(E; jx, )| = 1 < co. Thus E; ; is bounded

and

lo(Ei ;)| = sup |[{(¢(E; )z, x)| =1 < co. Hence, ¢ = ¢; is bounded.
Thus, the transpose of a positive matrix is positive.

Let the matrix of the matrix units be A such that

1 001

A E Eqs _ 0 00O
Ey  Ea 0 0 0O

1 0 01

Let x = (=1 2 —1 —1) € H be arbitrarily chosen and let B(#H) — C,

then
100 1 ~1 ~1
<Ag[/)’x>:<oooo 2’2>
0000 ~1 ~1
1001 ~1 —1
—2 —1
0 2
_<0’—1>
—2 —1
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9 1
< : 2 >
o || =1
) 1

Since (Az,x) =4 >0, A is positive. In addition,

| Al = sup |[(Az, z)| = 4 < oo.

Thus A is bounded.

Now, consider (¢2)2 : May(Ms(A)) — Ma(M(.A)), such that

10 00

B =6, Ey Eng _ o(En) ¢(Fr2) _ 0010
Ey Eg P(Ean) ¢(Fa) 0100

0 0 01

1 0 00 —1 —1

0010 2 2
(Bx,z) = ,

01 00 —1 —1

0 0 01 —1 —1

70
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—1 —1

—1 2
_< R I >

—1 -1

(Bx,z) = (¢po(Ms(A))z,z) < 0. Thus B and hence ¢, are not positive.
However,

B = sup [{Bz,z)| = | = 2| = 2 < o0.
Thus, B is bounded and so ||¢2|| = sup ||¢2(Ma(A))|| = 2.

Thus, ¢ is positive but not 2-positive hence not completely positive.

It turns out that ¢5 is bounded, hence completely bounded.

We check positivity and boundedness of C' by induction.
Let

1000100O00O0T1

000O0O0OO0OOO0O

000O0O0OO0OOO0®O

Ey By Eis 000O0O0OO0OOO0®O

C=| Ey Eyp FEy |=] 100010001
Esy Esy Ess 000O0O0O0OO0OO0OOQ O
000O0O0OO0OO0O0OOQ 0

000O0O0OO0OO0OO0® O

1 000100O0O0T1

andx:<_1 -1 -1 2 -1 2 —1 -1 )E?—[be arbitrarily
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chosen.

Then,

10001
00000
00000
00000
<Ca:,:c>=< 10001
00000
00000
00000
10001
-3 —1
0 —1
0 —1
0 2
0 2
0 —1
0 —1
-3 —1
= 9>0.

Thus, C' is positive.

|C] = sup [{Cz,z)| = 9 < oco.

o o o o o o o o o

o o o o o o o o o

o O O o o o o o o©

_ o O O

o o O
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Now, consider (¢3)3 : M3(Mz(A)) — Mz(M3(A)).
1000 0O0O0O0
0 0010O0O0TGO

Then, let D = ¢3(M3(A)) =

(Dz,x) = <

—_

o o o o o o o o

- o O O

o o o o O

o o o o o o

—_

o o o o o o o

o o o o o o o

- o o O O

o o O O

0
1

o o o o O

o o o o o o o

0

0
0
0

o o o o o o

0

o o o o o o

- o o o o o

o O O

0
0

o o o O

o O o o o o o o

—_

0

o o o O

1

o o o o o o

0

0
0

—_

o o O
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—1 —1

2 —1

—1 —1

—1 2

:< R >:—3<0.

—1 2

—1 —1

2 —1

—1 —1
So, (Dz,z) = (p3(M5(A))x,z) = —3 < 0, not positive. However,
ID|| = |l¢s]l = 3. So by induction (¢, (M,(A))x,x) = —n. Hence not

completely positive. In addition ||¢,|| = n. Thus, completely bounded for
a finite n.

Thus a transpose map is completely bounded but not completely positive.



Chapter 4

CONCLUSIONS AND
RECOMMENDATIONS

4.1 Conclusions

In chapter 1, the space M, (B(H)) of n x n matrices with entries from
B(H) is identified with the space B (H(”)) of bounded linear operators
on the n-dimensional Hilbert space (. This identification gives us a
unique norm that makes the x-algebra M, (B(H)) a C*-algebra. Given
an arbitrary C*-algebra A, by Gelfand Naimark Segul representation, .4
is a closed selfadjoint subalgebra of B(#) for some Hilbert space H. This
means that M,(A) is a closed selfadjoint subalgebra of the C*-algebra
M,(B(H)) = B (1) and hence a C*-algebra.

In chapter 2, its been shown that [T};] € M, (B(#)) is positive if and
only if ([T};]z;, x;) is positive. Some properties of the norm of completely
positive maps have been investigated. Conditions for which a map is

completely positive are discussed. A completely positive map satisfies

5
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the condition ¢,, > 0 for all n € N and that ¢ = ¢*.

In chapter 3, conditions for complete boundedness are discussed. A
map is completely bounded if its completely bounded norm is finite. In
addition, a completely bounded and completely positive map satisfies the
conditions [[¢(1)]| = [[¢] = l¢nll = [[élle = 1 and [[¢]ls = [[¢*[|cs. This
study has also shown that completely positive maps are all completely
bounded for a finite-dimensional space. However, the converse does not
always hold. Consequently, examples and Counter examples that not
all positive maps are completely positive were illustrated. See Counter

example [3.2.5]

Contributions of this thesis to mathematics are illustrated in : Theo-
rem 2.1.7; Proposition 2.1.15; Proposition 2.3.2; Proposition 2.3.3; Propo-
sition 3.0.5; Lemma 3.1.1; Proposition 3.1.2 and examples of positive
(see 2.2), completely positive (see 2.4) and completely bounded maps
(see 3.2) given.

4.2 Recommendations

From this study, although several properties of completely positive maps
have been investigated, it is evident that completely positive maps is still
an interesting and rich area of research in pure mathematics. Several
other properties of completely positive maps could still be investigated.
Areas such as the properties of non unital linear maps, the adjoining of
a unit to them and determining whether they are completely positive or

not, could also be of future interest to researchers.
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